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When a mobile hole is moving in an anti-ferromagnet it distorts the surrounding Ne´el order
and forms a magnetic polaron. Such interplay between hole motion and anti-ferromagnetism is
believed to be at the heart of high-temperature superconductivity in cuprates. In this article we
study a single hole described by the t − Jz model with Ising interactions between the spins in two
dimensions. This situation can be experimentally realized in quantum gas microscopes with Mott
insulators of Rydberg-dressed bosons or fermions, or using polar molecules. We work at strong
couplings, where hole hopping is much larger than couplings between the spins. In this regime we
find strong theoretical evidence that magnetic polarons can be understood as bound states of two
partons, a spinon and a holon carrying spin and charge quantum numbers respectively. Starting from
first principles, we introduce a microscopic parton description which is benchmarked by comparison
with results from advanced numerical simulations. Using this parton theory, we predict a series of
excited states that are invisible in the spectral function and correspond to rotational excitations of
the spinon-holon pair. This is reminiscent of mesonic resonances observed in high-energy physics,
which can be understood as rotating quark antiquark pairs carrying orbital angular momentum.
Moreover, we apply the strong coupling parton theory to study far-from equilibrium dynamics of
magnetic polarons observable in current experiments with ultracold atoms. Our work supports
earlier ideas that partons in a confining phase of matter represent a useful paradigm in condensed-
matter physics and in the context of high-temperature superconductivity in particular. While direct
observations of spinons and holons in real space are impossible in traditional solid-state experiments,
quantum gas microscopes provide a new experimental toolbox. We show that, using this platform,
direct observations of partons in and out-of equilibrium are now possible. Extensions of our approach
to the t−J model are also discussed. Our predictions in this case are relevant to current experiments
with quantum gas microscopes for ultracold atoms.
I. INTRODUCTION
Understanding the dynamics of charge carriers in
strongly correlated materials constitutes an important
prerequisite for formulating an effective theory of high-
temperature superconductivity. It is generally assumed
that the Fermi Hubbard model provides an accurate mi-
croscopic starting point for a theoretical description of
cuprates [1–3]. At strong couplings, this model can be
mapped to the t− J model, which describes the motion
of holes (hopping t) inside a strongly correlated bath
of spins with strong anti-ferromagnetic (AFM) Heisen-
berg couplings (strength J). To grasp the essence of the
complicated t− J Hamiltonian, theorists have also stud-
ied closely related variants, most prominently the t− Jz
model for which Heisenberg couplings are replaced with
Ising interactions (Jz) between the spins [2, 4].
While the microscopic t − J and t − Jz models are
easy to formulate, understanding the properties of their
ground states is extremely challenging. As a result, most
theoretical studies so far have relied on large-scale nu-
merical calculations [5] or effective field theories which
often cannot capture microscopic details [6–13]. Even
the problem of a single hole propagating in a state with
Ne´el order [4, 9, 10, 14–28], see Fig. 1 (a), is so diffi-
cult in general, that heavy numerical methods are re-
quired for its solution. This is true in particular at
strong couplings t  J, Jz, where the tunneling rate
t of the hole exceeds the couplings J, Jz between the
spins. The strong coupling regime is also relevant for
high-temperature cuprate superconductors for which typ-
ically t/J ≈ 3 [3]. While several theoretical approaches
have been developed, which are reliable in the weak-to-
intermediate coupling regime t . J, Jz, to date there
exist only a few theories describing the strong coupling
limit [19] and simple variational wavefunctions in this
regime are rare. Even calculations of qualitative ground
state properties of a hole in an anti-ferromagnet, such as
the renormalized dispersion relation, require advanced
theoretical techniques. These include effective model
Hamiltonians [17, 19], fully self-consistent Green’s func-
tion methods [25], non-trivial variational wave functions
[20, 23, 26] or sophisticated numerical methods such as
Monte-Carlo [26, 28] and DMRG [27, 29] calculations.
The difficulties in understanding the single-hole problem
add to the challenges faced by theorists trying to unravel
the mechanisms of high-Tc superconductivity.
Here we study the problem of a single hole moving in
an anti-ferromagnet from a different perspective, focusing
on the t − Jz model for simplicity. In contrast to most
earlier works, we consider the strong coupling regime,
t  Jz. Starting from first principles, we derive a mi-
croscopic parton theory of magnetic polarons. This ap-
proach not only provides new conceptual insights to the
physics of magnetic polarons, but it also enables semi-
analytical derivations of their properties. We benchmark
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FIG. 1. We consider the dynamics of a hole propagating in
a Ne´el-ordered spin environment. (a) The hole creates a dis-
tortion of the spin state (green). This distortion carries a
fractional spin Sz = 1/2. We introduce two types of partons,
spinons and holons, describing the spin and charge quantum
numbers respectively. They are confined by a string of dis-
placed spins connecting them (blue), similar to mesons which
can be understood as bound states of confined quark anti-
quark pairs. (b) In the strong coupling limit the slow dynam-
ics of the spinon can be decoupled from the fast dynamics of
the holon. This leads to coherent motion of the spinon on the
original square lattice, which is independent of the holon mo-
tion. The latter takes place on a fractal Bethe lattice which
is co-moving with the spinon. The holon states on the Bethe
lattice obey a discrete Cˆ4 symmetry that corresponds to rota-
tions of the string configuration around the spinon position.
(c) As a result, discrete rotational and vibrational excited
states of the magnetic polaron can be formed. They are char-
acterized by quantum numbers nm4..., where e
ipim4/2 denotes
the eigenvalue of Cˆ4 and n labels vibrational excitations. In
the figure we used labels S, P,D, F for m4 = 0, 1, 2, 3 and
indicated the multiplicity of the degenerate states by num-
bers in circles. Different colors correspond to the different
types of ro-vibrational excitations. For the calculation we
used S = 1/2 and linear string theory (LST, described later
in the text) with strings of length up to `max = 100.
our calculations by comparison to the most advanced nu-
merical simulations known in literature. Notably, our
approach is not limited to low energies but provides an
approximate description of the entire energy spectrum.
This allows us, for example, to calculate magnetic po-
laron dynamics far from equilibrium. Note that in the
extreme limit when Jz = 0, Nagaoka has shown that the
ground state of this model has long-range ferromagnetic
order [14]. We will work in a regime where this effect
does not yet play a role, see Ref. [27] for a discussion.
A. Partons and the t− Jz model
Partons have been introduced in high energy physics
to describe hadrons [30]. Arguably, the most well known
example of partons is provided by quarks. In quantum
chromodynamics (QCD), the quark model elegantly ex-
plains mesons (baryons) as composite objects consisting
of two (three) valence quarks. On the other hand, indi-
vidual quarks have never been observed in nature, and
this has been attributed to the strong confining force
between a pair of quarks mediated by gauge fields [31].
Even though there is little doubt that quarks are truly
confined and can never be separated at large distances, a
strict mathematical proof is still lacking, and the quark
confinement problem is still attracting considerable at-
tention in high-energy physics, see for example Ref. [32].
To understand how the physics of holes moving in a
spin environment with strong AFM correlations is con-
nected to the quark confinement problem, consider re-
moving a spin from a two-dimensional Ne´el state. When
the hole moves around, it distorts the order of the sur-
rounding spins. In the strong coupling regime, t J, Jz,
these spins have little time to react and the hole can dis-
tort a large number of AFM bonds. Assuming for the
moment that the hole motion is restricted to a straight
line, as illustrated in Fig. 1 (a), we notice that a string of
displaced spins is formed. At one end, we find a domain
wall of two aligned spins, and the hole is located on the
opposite end. By analyzing their quantum numbers, we
note that the domain wall corresponds to a spinon – it
carries half a spin and no charge – whereas the hole be-
comes a holon – it carries charge but no spin. The spinon
and holon are the partons of our model. Because a longer
string costs proportionally more energy, the spinon can
never be separated from the holon. This is reminiscent
of quark confinement.
Partons also play a role in various phenomena of con-
densed matter physics. A prominent example is the frac-
tional quantum Hall effect [33, 34], where electrons form
a strongly correlated liquid with elementary excitations
(the partons) which carry a quantized fraction of the elec-
tron’s charge [35–37]. This situation is very different from
the case of magnetic polarons which we consider here, be-
cause the fractional quasiparticles of the quantum Hall
effect are to a good approximation non-interacting and
can be easily separated. Similar fractionalization has
also been observed in one-dimensional spin chains [38–
44], where holes decay into pairs of independent holons
and spinons as a direct manifestation of spin-charge sep-
aration. Unlike in the situation described by Fig. 1 (a),
forming a string costs no energy in one dimension and
spinons and holons are deconfined in this case.
Confined phases of partons are less common in con-
3densed matter physics. It has first been pointed out by
Be´ran et al. [45] that this is indeed a plausible scenario in
the context of high-temperature superconductivity, and
the t−J model in particular. In Ref. [45] theoretical cal-
culations of the dispersion relation and the optical con-
ductivity of magnetic polarons were analyzed, and it was
concluded that their observations can be well explained
by a parton theory of confined spinons and holons. A mi-
croscopic description of those partons has not yet been
provided, although several models with confined spinon-
holon pairs have been studied [11, 12, 46].
The most prominent feature of partons that has previ-
ously been discussed in the context of magnetic polarons
is the existence of a set of resonances in the single-hole
spectral function [21, 25, 28, 45, 47–49] which can be
measured by angle-resolved photoemission spectroscopy
(ARPES), see e.g. Ref. [50] for a discussion. Such long-
lived states in the spectrum can be understood as vibra-
tional excitations of the string created by the motion of
a hole in a Ne´el state [15, 16, 18, 47, 49]. In the parton
theory they correspond to vibrational excitations of the
spinon-holon pair [45], where in a semi-classical picture
the string length is oscillating in time.
In this paper we present additional evidence for the ex-
istence of confined partons in the two-dimensional t− Jz
model at strong coupling. Using the microscopic parton
theory, we show that besides the known vibrational states
an even larger number of rotational excitations of mag-
netic polarons exist. This leads to a complete analogy
with mesons in high-energy physics which we discuss next
(in I B). The rotational excitations of magnetic polarons
have not been discussed before, partly because they are
invisible in traditional ARPES spectra. Quantum gas
microscopy [51, 52] represents a new paradigm for study-
ing the t−Jz model, and we discuss below (in I C) how it
enables not only measurements of rotational excitations,
but also direct observations of the constituent partons in
current experiments with ultracold atoms.
B. Rotational excitations of parton pairs
Mesons can be understood as bound states of two
quarks and thus are most closely related to the mag-
netic polarons studied in this paper. The success of the
quark model in QCD goes far beyond an explanation of
the simplest mesons, including for example pions (pi) and
kaons (K). Collider experiments that have been carried
out over many decades have identified an ever growing
zoo of particles. Within the quark model, many of the
observed heavier mesons can be understood as excited
states of the fundamental mesons. Aside from the total
spin s, heavier mesons can be characterized by the orbital
angular momentum ` of the quark antiquark pair [53] as
well as the principle quantum number n describing their
vibrational excitations. In Table I we show a selected
set of excited mesons, together with the quantum num-
bers of the involved quark-antiquark pair. Starting from
n2s+1`J ud us
11S0 pi K
11P1 b1(1235) K1B
11D2 pi2(1670) K2(1770)
13F4 a4(2040) K
∗
4 (2045)
21S0 pi(1300) K(1460)
TABLE I. Examples of meson resonances corresponding to
rotational (`) and vibrational (n) excitations of the quark
antiquark pair (qq). This list is incomplete and the data was
taken from Ref. [54]. The numbers in brackets denote the
mass of the excited meson state in units of MeV/c2.
the fundamental pion (kaon) state pi (K), many rota-
tional states with ` = 1, 2, 3 (P,D, F ) can be constructed
[53, 54] which have been observed experimentally [55].
By changing n to two, the excited states pi(1300) and
K(1460) can be constructed. Due to the deep theoretical
understanding of quarks, all these mesons are considered
as composites instead of new fundamental particles.
Similarly, rotationally and vibrationally excited states
of magnetic polarons can be constructed in the t − Jz
model. They can be classified by the angular momentum
(rotational) and radial (vibrational) quantum numbers `
and n of the spinon-holon pair, as well as the spin σ of
the spinon. An important difference to mesons is that we
consider a lattice model where the usual angular momen-
tum is not conserved. However, there still exist discrete
rotational symmetries which can be defined in the spinon
reference frame.
To understand this, let us consider the Hilbert space
Hp of the parton theory introduced in this paper. As
illustrated in Fig. 1 (b), it can be described as a direct
product of the space of spinon positions on the square lat-
ticeHs and the space of string configurationsHΣ emerg-
ing from the spinon,
Hp =Hs ⊗HΣ. (1)
The latter is equivalent to the Hilbert space of a sin-
gle particle hopping on a fractal Bethe lattice with four
bonds emerging from each site. We recognize a discrete
four-fold rotational symmetry Cˆ4 of the parton theory,
where the string configurations are cyclically permuted
around the spinon position, see Fig. 1 (b). Therefore we
can construct excited magnetic polaron states with eigen-
values eipim4/2 of Cˆ4 with m4 = 1, 2, 3 (P,D, F ), which
are analogous to the rotational excitations of mesons. In
the ground state, m4 = 0. Similarly, there exist three-
fold permutation symmetries Pˆ3 in the parton theory
corresponding to cyclic permutations of the string con-
figuration around sites one lattice constant away from
the spinon. This leads to a second quantum number
m3 = 0, 1, 2 required to classify all eigenstates.
In Fig. 1 (c) we calculate the excitation energies of ro-
tational and vibrational states in the magnetic polaron
spectrum. We applied the linear string approximation,
where self-interactions of the string connecting spinon
and holon are neglected. It will be shown in the main
4part of this paper, that this description is justified for
the low lying excited states of magnetic polarons in the
t − Jz model. In analogy with the meson resonances
listed in Table I, we have labeled the eigenstates in Fig. 1
(c) by their ro-vibrational quantum numbers. Similar
to the pion, the magnetic polaron corresponds to the
ground state 1S. The lowest excited states are given by
1P, 1D, 1F . In contrast to their high-energy analogues
[32] these states are degenerate which will be shown to
be due to lattice effects. Depending on the ratio of Jz/t,
the next higher states correspond to a vibrational ex-
citation (2S), or a second rotational excitation (states
1m4m3 for m3 = P,D and m4 = S, P,D, F ).
The parton theory of magnetic polarons provides an
approximate description over a wide range of energies at
low doping. This makes it an excellent starting point for
studying the transition to the pseudogap phase observed
in cuprates at higher hole concentration [3, 50, 56], be-
cause the effective Hilbert space is not truncated to de-
scribe a putative low-energy sector of the theory. We
discuss extensions of the parton theory to finite doping
and beyond the t− Jz model in a forthcoming work.
C. Quantum gas microscopy of the t− Jz model
Experimental studies of individual holes are challeng-
ing in traditional solid state systems. Ultracold atoms in
optical lattices provide a promising alternative platform
for realizing this scenario and investigating microscopic
properties of individual holes in a state with Ne´el or-
der. The toolbox of atomic physics offers unprecedented
coherent control over individual particles. In addition,
many powerful methods have been developed to probe
these systems, including the ability to measure correla-
tion functions [57–60], non-local string order parameters
[44] and spin-charge correlations [60] on a single-site level.
Moreover bosonic [51, 52] and fermionic [61–67] quan-
tum gas microscopes offer the ability to realize arbitrary
shapes of the optical potential down to length scales of a
single site as set by the optical wavelength [68, 69].
These capabilities have recently led to the first real-
ization of an anti-ferromagnet with Ne´el order across a
finite system of ultracold fermions with SU(2) symmetry
at temperatures below the spin-exchange energy scale J
[70]. In another experiment, canted anti-ferromagnetic
states have been realized at finite magnetization [67] and
the closely related attractive Fermi Hubbard model has
been investigated [71]. In systems of this type individual
holes can be readily realized in a controlled setting and
studied experimentally.
1. Implementation of the t− Jz model
The t − Jz model was long considered as a mere toy
model, closely mimicking some of the essential features
known from more accurate model Hamiltonians relevant
FIG. 2. The t − Jz model can be implemented for ultracold
atoms with two internal (pseudo-) spin states in a quantum
gas microscope by starting from a Mott insulator (a). Ising
interactions can be realized by including Rydberg dressing for
one of the two spin states, as demonstrated experimentally in
Refs. [73, 74]. Mobile holes can be doped into the system
by removing atoms from the Mott insulator. Their statistics
is determined by the underlying particles forming the Mott
state. In principle the method works in arbitrary dimensions,
although many Rydberg states have anisotropic interactions
which can break the lattice symmetries.
in the study of high-temperature superconductivity. By
using ultracold atoms one can go beyond this paradigm,
and realize the t− Jz model experimentally.
One approach suggested in Ref. [72] is to use ultracold
polar molecules which introduce anisotropic and long-
range dipole-dipole couplings between their internal spin
states. The flexibility to adjust the anisotropy also allows
to realize Ising couplings as required for the t−Jz model.
When the molecules are placed in an optical lattice, the
ratio t/Jz between tunneling and spin-spin couplings can
be tuned over a wide range.
Other methods to implement Ising couplings between
spins involve trapped ions [75, 76] or arrays of Rydberg
atoms [73, 74, 77]. We now discuss the second option
in more detail, because it allows a direct implementation
of the t − Jz model in a quantum gas microscope with
single-particle and single-site resolution.
As illustrated in Fig. 2 (a), one can start from a Mott
insulating state of fermions or bosons with two internal
(pseudo-) spin states. Strong Ising interactions between
the spins can be realized by Rydberg dressing only one
of the two states, see Fig. 2 (b). This situation can be
described by the effective Hamiltonian [73, 78, 79]
HˆIsing = 1
2
∑
i,j
J i,jz Sˆ
z
i Sˆ
z
j . (2)
Here, we have assumed a large homogeneous system and
ignored an additional energy shift that only depends
on the total, conserved magnetization in this case. As
demonstrated in Ref. [73], the couplings J i,jz in Eq. (2)
decay quickly with the distance ri,j between two spins,
J i,jz = U0/
(
1 + (ri,j/Rc)
6
)
where U0 = ~Ω4/(8|∆|3).
Here Ω is the Rabi frequency of the Rydberg dressing
laser with detuning ∆ from resonance, and the critical
distance Rc below which Rydberg blockade plays a role
[80] is determined by the Rydberg-Rydberg interaction
potential, see Refs. [73, 78, 79] for details.
By realizing sufficiently small Rc/a ≈ 1, where a de-
notes the lattice constant, a situation can be obtained
5where nearest neighbor AFM Ising couplings Jz are dom-
inant. By doping the Mott insulator with holes, this al-
lows to implement an effective t − Jz Hamiltonian with
tunable coupling strengths.
The statistics of the holes in the resulting t−Jz model
are determined by the statistics of the underlying parti-
cles forming the Mott insulator. For the study of a single
magnetic polaron in this paper, quantum statistics play
no role. At finite doping magnetic polarons start to inter-
act and their statistics become important. Studying the
effects of quantum statistics on the resulting many-body
states is an interesting future direction.
2. Direct signatures of strings and partons
Quantum gas microscopes provide new capabilities for
the direct detection of the partons constituting magnetic
polarons, as well as the string of displaced spins con-
necting them. The possibility to perform measurements
of the instantaneous quantum mechanical wavefunction
directly in real space allows one to detect non-local or-
der parameters [44, 81] and is ideally suited to unravel
the physics underlying magnetic polarons. Now we pro-
vide a brief summary of the most important signatures
of the parton theory which can be directly accessed in
quantum gas microscopes and will be discussed in this
paper. The following considerations apply to a regime of
temperatures T < Jz where the local anti-ferromagnetic
correlations are close to their zero-temperature values,
although most of the phenomenology is expected to be
qualitatively similar at higher temperatures [82].
Ro-vibrational excitations.– As mentioned in Sec. I A,
the ro-vibrational excitations of magnetic polarons pro-
vide direct signatures for the parton nature of magnetic
polarons. Their energies can be directly measured: Vi-
brational states are visible in ARPES spectra, which can
also be performed in a quantum gas microscope [83].
Later we also discuss alternative spectroscopic methods
based on magnetic polaron dynamics in a weakly driven
system, which enable direct measurements of the rota-
tional resonances.
Direct imaging of strings and partons.– In a quan-
tum gas microscope, the instantaneous spin configura-
tion around the hole can be directly imaged [60]. Up to
loop configurations, this allows one to directly observe
spinons, holons and strings and extract the full counting
statistics of the string length for example. We show in
this paper that this method works extremely accurately
in the case of the t− Jz model.
Scaling relations at strong couplings.– When t  Jz,
the motion of the holon relative to the spinon can be
described by an effective one-dimensional Schro¨dinger
equation with a linear confining potential at low ener-
gies. This leads to an emergent scaling symmetry which
allows to relate solutions at different ratios Jz/t by a sim-
ple re-scaling of lengths [15]: x→ λ1/3x when Jz → λJz.
In ultracold atom setups the ratio t/Jz can be controlled
and a wide parameter range can be simulated. For dop-
ing with a single hole this allows to observe the emergent
scaling symmetry by showing a data collapse after re-
scaling all lengths as described above. The scaling sym-
metry also applies for the expectation values of potential
and kinetic energies in the ground state. In the strong
coupling regime, t  Jz, to leading order both depend
linearly on t1/3J
2/3
z [15]. By simultaneously imaging spin
and hole configurations [60], the potential energy can be
directly measured using a quantum gas microscope and
the linear dependence on (Jz/t)
2/3 can be checked.
3. Far-from-equilibrium experiments
Ultracold atoms allow a study of far-from equilibrium
dynamics of magnetic polarons [82, 84–89]. For exam-
ple, a hole can be pinned in a Ne´el state and suddenly
released. This creates a highly excited state with kinetic
energy of the order t  Jz, which is quickly transferred
to spin excitations [85, 86, 90]. Such dynamics can be
directly observed in a quantum gas microscope. It has
been suggested that this mechanism is responsible for the
fast energy transfer observed in pump-probe experiments
on cuprates [88], but the coupling to phonons in solids
complicates a direct comparison between theory and ex-
periment.
As a second example, external fields (i.e. forces acting
on the hole) can be applied and the resulting transport of
a hole through the Ne´el state can be studied [85]. As will
be shown, this allows direct measurements of the mesonic
excited states of the magnetic polaron, analogous to the
case of polarons in a Bose-Einstein condensate [91, 92].
D. Magnetic polaron dynamics
To study dynamics of magnetic polarons in this pa-
per, we use the strong coupling parton theory to derive
an effective Hamiltonian for the spinon and holon which
describes the dynamics of a hole in the AFM environ-
ment. By convoluting the probability densities for the
holon and the spinon, we obtain the density distribu-
tion of the hole, which can be directly measured exper-
imentally. Even though the spinon dynamics are slow
compared to the holon motion at strong coupling, they
determine the hole distribution at long times because the
holon is bound to the spinon. We consider different non-
equilibrium situations which can all be realized in current
experiments with ultracold atoms.
Benchmark.– We benchmark our parton theory by
comparing to time-dependent quantum Monte Carlo cal-
culations [82, 89] of the hole dynamics in the two-
dimensional t − Jz model. To this end we study the
far-from equilibrium dynamics of a hole which is initial-
ized in the system by removing the central spin from
the Ne´el state. A brief summary of the quantum Monte
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FIG. 3. We benchmark the strong coupling parton theory of
magnetic polarons by comparing to numerically exact time-
dependent quantum Monte Carlo (QMC) calculations. A
quantum quench in the t − Jz model with spin S = 1/2 is
considered, where initially a single hole is created in a Ne´el
state on a square lattice by removing the spin on the central
site. We calculate the root mean square distance, see Eq. (55),
of the hole from the origin (a) and the return probability of
the hole (b). For all values of Jz/t and for times accessible
by the time-dependent Monte Carlo approach we obtain ex-
cellent agreement with calculations based on the linear string
theory (LST) described in this paper. Non-linear string the-
ory (NLST) predicts only small corrections and agrees with
the QMC results slightly better at intermediate times. For
details on the QMC method, see Appendix A. We compare
results from NLST and LST at longer times in Appendix B.
Carlo method used for solving this problem can be found
in Appendix A.
In Fig. 3 we show our results for the return proba-
bility 〈nˆh(0)〉 and the extent of the hole wave function√〈xˆ2h〉, for times accessible with our quantum Monte
Carlo method. Here nˆh(x) is the density operator of the
hole at site x, and xˆh is the position operator of the hole
in first quantization. For all considered values of Jz we
obtain excellent agreement of the strong coupling parton
theory with numerically exact Monte Carlo results.
Pre-spin-charge separation.– For the largest considered
value of Jz = t we observe a pronounced slow-down of the
hole expansion in Fig. 3. This is due to the restoring force
mediated by the string which connects spinon and holon.
However, the expansion does not stop completely [4, 18].
Instead it becomes dominated by slow spinon dynamics
at longer times, as we show by an explicit calculation in
Sec. V D and Fig. 22.
For smaller values of Jz/t, the hole expansion slows
down at later times before it becomes dominated by
spinon dynamics. In the strong coupling regime, t Jz,
we obtain a large separation of spinon and holon time
scales. This can be understood as a pre-cursor of spin-
charge separation: although the holon is bound to the
spinon, it explores its Hilbert space defined by the Bethe
lattice independently of the spinon dynamics. As illus-
trated in Fig. 1 (b) the entire holon Hilbert space is co-
moving with the spinon. This is a direct indicator for the
parton nature of magnetic polarons.
At short-to-intermediate times the separation of spinon
and holon energies gives rise to universal holon dynam-
ics. Indeed, the expansion observed in Fig. 3 at strong
coupling t Jz is similar to the case of hole propagation
in a spin environment at infinite temperature [89]. In
that case an approximate mapping to the holon motion
on the Bethe lattice is possible too [82].
Coherent spinon dynamics.– We consider a situation
starting from a spinon-holon pair in its ro-vibrational
ground state. In contrast to the far-from equilibrium dy-
namics discussed above, the holon is initially distributed
over the Bethe lattice in this case. We still start from a
state where the spinon is localized in the center of the
system. In this case there exist no holon dynamics on
the Bethe lattice within the strong coupling approxima-
tion, and a measurement of the hole distribution allows
to directly observe coherent spinon dynamics.
We also present an adiabatic preparation scheme for
the initial state described above, where the magnetic po-
laron is in its ro-vibrational ground state. The scheme
can be implemented in experiments with ultracold atoms.
The general strategy is to first localize the hole on a given
lattice site by a strong pinning potential. By slowly low-
ering the strength of this potential, the ro-vibrational
ground state can be prepared with large fidelity, as we
demonstrate in Fig. 19. Details are discussed in Sec. V B.
Spectroscopy of ro-vibrational excitations.– To test the
strong coupling parton theory experimentally, we sug-
gest measuring the energies of rotational and vibrational
eigenstates of the spinon-holon bound state directly. In
Sec. V C we demonstrate that rotational states can be
excited by applying a weak force to the system. As be-
fore, we start from the ro-vibrational ground state of the
magnetic polaron. The force induces oscillations of the
density distribution of the hole, which can be directly
measured in a quantum gas microscope. We demonstrate
that the frequency of such oscillations is given very accu-
rately by the energy of the first excited state, which has a
7non-trivial rotational quantum number. This is another
indicator for the parton nature of magnetic polarons.
Vibrational excitations can be directly observed in the
spectral function [28]. In Sec. V E we briefly explain its
properties in the strong coupling regime. Possible mea-
surements with ultracold atoms are also discussed.
E. Outline
This paper is organized as follows. In Sec. II we intro-
duce the microscopic parton theory describing holes in an
anti-ferromagnet in the strong coupling regime, starting
from first principles. We solve the effective Hamiltonian
in Sec. III and derive the rotational and vibrational ex-
cited states of magnetic polarons. Direct signatures in
the string-length distribution and its measurement in a
quantum gas microscope are also discussed. Sec. IV is
devoted to a discussion of the effective spinon dispersion
relation. We derive and benchmark a semi-analytical
tight-binding approach to describe the effects of Trug-
man loops, the fundamental processes underlying spinon
dynamics in the t − Jz model. In Sec. V we apply the
strong coupling parton theory to solve different problems
involving magnetic polaron dynamics, which can be re-
alized in experiments with ultracold atoms. Extensions
of the parton theory to the t − J model are discussed
in Sec. VI. We close with a summary and by giving an
outlook in Sec. VII.
II. MICROSCOPIC PARTON THEORY OF
MAGNETIC POLARONS
In this section we introduce the strong coupling parton
theory of holes in the t − Jz model, which builds upon
earlier work on the string picture of magnetic polarons
[15, 16, 18, 49]. After introducing the model in II A and
explaining our formalism in II B we derive the parton
construction in Sec. II C.
A. The t− Jz model
For a single hole,
∑
j,σ cˆ
†
j,σ cˆj,σ = N − 1, where N is
the number of lattice sites, the t − Jz Hamiltonian can
be written as
Hˆt−Jz = HˆJ + Hˆt =
∑
〈i,j〉
JzSˆ
z
i Sˆ
z
j+
+ Pˆ
[
−t
∑
〈i,j〉,σ
(
cˆ†i,σ cˆj,σ + h.c.
)]
Pˆ. (3)
Here cˆ†j,σ creates a boson or a fermion with spin σ =↑, ↓
on site j and Pˆ projects onto the subspace without double
occupancies.
∑
〈i,j〉 denotes a sum over all bonds 〈i, j〉
between neighboring sites i and j, where every bond is
counted once. The spin operators are defined by Sˆzj =∑
σ,τ cˆ
†
j,σσ
z
σ,τ cˆj,τ/2.
The second line of Eq. (3) describes the hopping of the
hole with amplitude t and the first line corresponds to
Ising interactions between the spins. See e.g. Ref. [4] and
references therein for previous studies of the t−Jz model.
Experimental implementations of the t−Jz Hamiltonian
were discussed in Sec. I C 1. From now on we consider
the case when cˆ†j,σ describes a fermion for concreteness,
but as long as a single hole is considered the physics is
identical if bosons were chosen.
1. Schwinger-boson representation and constraint
For our discussion of the t − Jz model (3) we find
it convenient to choose a parameterization in terms of
Schwinger-bosons bˆjσ and spinless fermionic holon oper-
ators hˆi satisfying the following constraint,∑
σ
bˆ†jσ bˆjσ = 2S
(
1− hˆ†j hˆj
) ∀j. (4)
In the original Hamiltonian from Eq. (3), the length of
the spins is S = 1/2 and Eq. (4) is equivalent to the
condition of no double occupancy of lattice sites. More
generally, for S ≥ 1/2, Eq. (4) ensures that a given lattice
site is either occupied by a single holon and no Schwinger-
bosons or no holon but exactly 2S Schwinger-bosons.
From now on we will consider more general models
with arbitrary integer or half-integer values of S. This
approach is similar to the usual 1/S-expansion of the t−J
and related Hamiltonians, see e.g. Ref. [93], except that
in the latter a different constraint is used:
∑
σ bˆ
†
jσ bˆjσ +
hˆ†j hˆj = 2S. For S = 1/2 the two constraints are identical,
and we discuss in Appendix C how they differ for larger
S > 1/2. In both cases, the spin operators are
Sˆzj =
1
2
(
bˆ†j↑bˆj↑ − bˆ†j↓bˆj↓
)
, (5)
Sˆ+j = bˆ
†
j↑bˆj↓, Sˆ
−
j = bˆ
†
j↓bˆj↑. (6)
In terms of holons and Schwinger-bosons, the second
term in the t− Jz Hamiltonian becomes
Hˆt = t
∑
〈i,j〉
(
hˆ†i hˆjFˆ†ij(S) + h.c.
)
, (7)
where Fˆ†ij(S) involves only Schwinger-bosons and will
be explained shortly. Note that here, in contrast to
Eq. (3), the hopping rate t comes with a positive sign
because holon creation corresponds to fermion annihila-
tion, cˆ†j cˆi → hˆj hˆ†i = −hˆ†i hˆj .
The term Fˆ†ij(S) describes the re-ordering of the spins
during the hopping of the holon. This is required by
the Schwinger-boson constraint in Eq. (4). In particular,
Fˆij(S) describes how the spin state on site j is moved
8FIG. 4. Illustration of hole hopping in a large-S spin envi-
ronment along one direction. (a) For S = 1/2 the hole dis-
torts the Ne´el order of the AFM spin environment. (b) For
large S > 1/2, but using the spin-1/2 hole hopping opera-
tor Fˆij(1/2), the Ne´el order parameter is not distorted but
spin excitations (magnons) are created on top of the AFM by
the movement of the hole. (c) For large S the hole hopping
described by Fˆij(S) exchanges the spin states on neighbor-
ing sites and fully captures the distortion of the Ne´el order
around the hole.
to site i while the hole is hopping from i to j. In this
work, we are interested in the case S = 1/2, where Fˆij(S)
becomes [93]
Fˆij(1/2) = bˆ†i↑bˆj↑ + bˆ†i↓bˆj↓, (8)
see Fig. 4 (a). Because the constraint Eq. (4) is fulfilled,
the projectors Pˆ from Eq. (3) can be dropped in the
Schwinger-boson representation.
B. Generalized 1/S expansion
In this section we introduce a generalization of our
model to large spins, S > 1/2. Technically we only
achieve a re-formulation of the original Hamiltonian, and
in the case of the t− Jz model no real progress is made.
However, as discussed in more detail in Appendix C, the
formalism developed in this section can be straightfor-
wardly generalized to include quantum fluctuations. In
such cases, the leading order generalized 1/S expansion
represents a t − Jz model again, and the parton theory
which we develop in Sec. II C can be applied here, too.
This establishes our parton construction as a valuable
starting point for analyzing a larger class of models. In
a forthcoming work we apply the generalized 1/S expan-
sion introduced below to situations including quantum
fluctuations in the spin environment described by a gen-
eral XXZ Hamiltonian [94, 95].
In the conventional 1/S expansion, the holon motion is
described by the operator Fˆij(S) ≡ Fˆij(1/2) from Eq. (8)
and S only enters in the corresponding Schwinger-boson
constraint,
∑
σ bˆ
†
jσ bˆjσ + hˆ
†
j hˆj = 2S. As we explain in de-
tail in Appendix C 1, this approach cannot capture strong
distortions of the local Ne´el order parameter, or the local
staggered magnetization, defined by
Ωˆj = (−1)jSˆzj . (9)
Here (−1)j denotes the sublattice parity, which is +1
(−1) for j from the A (B) sublattice. Within the conven-
tional extension of the t− Jz model to large values of S,
the motion of the holon from site i to j is accompanied
by changes of the spins Szi and S
z
j by ±1/2, see Fig. 4
(b). As a result, the sign of the local Ne´el order parame-
ter Ωj cannot change when S  1/2 is large, unless the
holon performs multiple loops.
To avoid these problems of the conventional 1/S ex-
pansion, and to ensure that the generalized Schwinger-
boson constraint Eq. (4) is satisfied by Hˆt in Eq. (7),
we replace Fˆij(1/2) from Eq. (8) by a new term Fˆij(S).
As we explain in detail in Appendix C 2, this generalized
holon-hopping operator Fˆij(S) describes a transfer of the
entire spin state from site j to i, see also Fig. 4 (c).
1. Formalism: Ising variables and the distortion field
Now we introduce some additional formalism which
is useful for the formulation of the microscopic parton
theory. Our discussion is kept general and applies to
arbitrary values of the spin length S.
Zero doping.– To describe the orientation of the local
spin of length S, we introduce an Ising variable τ˜zj on the
sites of the square lattice,
τ˜zj =
{
+1, |S〉j
−1, | − S〉j . (10)
For S = 1/2 the Ising variable τ˜zj = 2Sˆ
z
j is identical
to the local magnetization. For S > 1/2 the situation is
different because τ˜zj = ±1 can still only take two possible
values, whereas Sˆzj = −S,−S + 1, ..., S.
The classical Ne´el state with AFM ordering along the
z-direction corresponds to a configuration where τ˜zj = +1
on the A-sublattice, and τ˜zj = −1 on the B-sublattice. To
take the different signs into account, we define another
Ising variable τˆzj describing the staggered magnetization,
τˆzj =
{
τ˜zj , j ∈ A
−τ˜zj , j ∈ B
. (11)
The Ne´el state corresponds to the configuration [96]
τˆzj ≡ 1 for all j. (12)
Doping.– Now we consider a systems with one hole.
Our general goal in this section is to construct a complete
set of one-hole basis states. This can be done starting
from the classical Ne´el state by first removing a spin of
length S on site j and next allowing for distortions of the
surrounding spins. In this process, we assign the value
9of τˆzj = 1 to the lattice site where the hole was created.
Note that this value is associated with a sublattice index
of the hole and it reflects the spin σ which was initially
removed when creating the hole.
Distortions.– The holon motion, described by Hˆt, in-
troduces distortions into the classical Ne´el state. Using
the staggered Ising variable τˆzj they correspond to sites
with τˆzj = −1. We will now show that the t− Jz Hamil-
tonian can be expressed entirely in terms of the product
defined on links,
σˆz〈i,j〉 = τˆ
z
j τˆ
z
i , (13)
which will be referred to as the distortion field. On bonds
with σˆz〈i,j〉 = 1 (respectively σˆ
z
〈i,j〉 = −1) the spins are
anti-aligned (aligned), see Fig. 1 (a) for an illustration.
Effective Hamiltonian.– The term HˆJ in the t − Jz
Hamiltonian Eq. (3) can be re-formulated as
HˆJ = −2NJzS2 + JzS2
∑
〈i,j〉
(
1− σˆz〈i,j〉
)
. (14)
The first term corresponds to the ground state energy
of the undistorted Ne´el state, where N is the number
of lattice sites. The second term describes the energy
cost of creating distortions. In Appendix C we explain
how quantum fluctuations can be included within the
generalized 1/S expansion.
The term Hˆt in the t−Jz Hamiltonian Eq. (3) can also
be formulated in terms of the distortion field. Consider
the motion of the holon from site i to j. This corre-
sponds to a movement of the spin on site j to site i,
which changes the distortion field σˆzl on links l = 〈r, k〉
including sites r = i and r = j. Such changes depend
on the original orientation of the involved spins on sites
k and can be described by the operators σˆxl . We obtain
the expression
Hˆt = t
∑
〈i,j〉
hˆ†j hˆi
[∏
〈k,i〉
σˆx〈i,k〉
1
2
(
1 + σˆz〈i,j〉
)
+
∏
〈k,j〉
σˆx〈j,k〉
1
2
(
1− σˆz〈i,j〉
)]
+ h.c.. (15)
Because σˆx〈i,j〉 and σˆ
z
〈i,j〉 are not commuting, the distor-
tion field σˆz〈i,j〉 begins to fluctuate in the presence of the
mobile hole with t 6= 0. The effect of the hole hopping
term (15) is illustrated in Fig. 5.
By combining Eqs. (14) and (15) we obtain an al-
ternative formulation of the single-hole t − Jz model at
S = 1/2. Even when S > 1/2, the leading order result
in the generalized 1/S expansion is a similar effective
S = 1/2 Hamiltonian, formulated in terms of the same
distortion field. This method goes beyond the conven-
tional 1/S expansion, where the distortion field σˆz〈i,j〉 ≡ 1
is kept fixed on all bonds and does not fluctuate. To de-
scribe the distortion of the Ne´el state introduced by the
holon motion in the conventional 1/S expansion, one has
FIG. 5. When a hole is moving in a spin state with AFM
order, it distorts the Ne´el order (green) and creates a string
of displaced spins (blue), (a)-(c). In the formalism used for the
generalized 1/S expansion this is described by the coupling
of the holon to the distortion field σz〈i,j〉 on the bonds. The
end of the string (red) can be associated with a parton, the
spinon, which carries the spin S of the magnetic polaron. Its
charge is carried by another parton, the holon (gray).
to resort to magnon fluctuations on top of the undis-
turbed Ne´el state, which only represent sub-leading cor-
rections in the generalized 1/S formalism. This property
of the generalized 1/S expansion makes it much more
amenable for an analytical description of the strong cou-
pling regime where t  J and the Ne´el state can be
substantially distorted even by a single hole.
C. The spinon-holon picture and string theory
So far we have formulated the t− Jz model using two
fields, whose interplay determines the physics of magnetic
polarons: The holon operator hˆj and the distortion field
σˆ〈i,j〉 on the bonds. By introducing magnons aˆj , more
general models with quantum fluctuations can also be
considered, but such terms are absent in the t− Jz case.
Our goal in this section is to replace the distortion field
σˆ〈i,j〉 by a simpler description of the magnetic polaron,
which is achieved by introducing partons.
1. Spinons and holons
The Hamiltonian (15) describing the motion of the
holon in the distorted Ne´el state determined by σˆ〈i,j〉,
is highly non-linear. To gain further insights, we study
more closely how the distortion field σˆz〈i,j〉 is modified
by the holon motion. In particular we will argue that it
carries a well-defined spin quantum number.
Quantum numbers.– Let us start from the classical
Ne´el state and create a hole by removing the spin on the
central site of the lattice. This changes the total charge Q
and spin Sz of the system by ∆Q = −1 and ∆Sz = ±S,
where the sign of ∆Sz depends on the sublattice index of
the central site. When the hole is moving, both Sz and Q
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are conserved and we conclude that the magnetic polaron
(mp) carries spin Szmp = ±S and charge Qmp = −1.
There exists no true spin-charge separation for a single
hole in the 2D Ne´el state [15, 18, 28], i.e. the spin degree
of freedom of the magnetic polaron cannot completely
separate from the charge. We can understand this for
the case S = 1/2, where the magnetic polaron carries
fractional spin Szmp = ±1/2. Because the elementary
spin-wave excitations of the 2D anti-ferromagnet carry
spin Sz = ±1, see e.g. Ref. [93], they cannot change the
fractional part Szmpmod 1 of the magnetic polaron’s spin,
which is therefore bound to the charge. This is in con-
trast to the 1D case, where fractional spinon excitations
exist in the spin chain even at zero doping [38] and the
hole separates into independent spinon and holon quasi-
particles [39–44].
Partons.– Now we show that the magnetic polaron in
a 2D Ne´el state can be understood as a bound state of
two partons, the holon hˆj carrying charge and a spinon
sˆi carrying spin. In the strong coupling regime, t  Jz,
we predict a mesoscopic precursor of spin-charge separa-
tion: While the spinon and holon are always bound to
each other, their separation can become rather large com-
pared to the lattice constant, and they can be observed
as two separate objects. Their bound state can be de-
scribed efficiently by starting from two partons with an
attractive interaction between them, similar to quarks
forming a meson. When Jz = 0 spinon-holon pairs can
be completely separated [82, 89].
In contrast to the usual slave-fermion (or slave-boson)
approach [97], we will not define the holon and spinon
by breaking up the original fermions cˆj,σ on site j. In-
stead we notice that the spin quantum number Szmp of the
magnetic polaron is carried by the distortion field σˆz〈i,j〉.
The latter determines the distribution of the spin on the
square lattice. We have already introduced the spin-less
holon operators hˆj in Eq. (4) by using a Schwinger-boson
representation of the t− Jz model.
Spin and charge distribution.– To understand how well
the spin Szmp = ±1/2 of the magnetic polaron is localized
on the square lattice, we study the motion of the holon
described by Eq. (15). When the hole is moving it leaves
behind a string of displaced spins [15, 18], see Fig. 5. At
the end of the string which is not attached to the hole, we
identify a site i from which three excited bonds (σˆz〈i,j〉 =
FIG. 6. String-theory in the one-dimensional Ising model.
(a) The spinon corresponds to a domain wall across which
the direction of the Ne´el order changes sign. (b) The string-
theory becomes exact in 1D. This picture is equivalent to
the squeezed-space description of spin-charge separation [42],
where the holon occupies the bonds between neighboring sites
of a spin chain, see also Ref. [83].
−1) emerge, unless the hole returns to the origin. This
corresponds to a surplus of spin on this site relative to the
original Ne´el state, and we identify it with the location
xs of the spinon. The spin σ of the spinon is opposite for
the two different sublattices.
Our definition of spinons can be considered as a direct
generalization of domain walls in the one-dimensional
Ising model, see Fig. 6 (a). In both cases, the fractional
spin carried by the spinon is not strictly localized on one
lattice site but extends over a small region around the
assigned spinon position. To demonstrate this explicitly,
we calculate the average magnetization 2〈Sˆz(x− xs)〉 in
the spinon frame in Fig. 7 (a). We use the t− Jz model
in the strong coupling regime with t = 10Jz. We observe
that the checkerboard pattern of the Ne´el order param-
eter is completely retained, except for a spin-flip in the
center. This shows that the spin of the magnetic polaron
Szmp is localized around the spinon position, i.e. at the
end of the string defined by the holon trajectory.
This result should be contrasted to the magnetization
calculated in the holon frame, 2〈Sˆz(x − xh)〉 where xh
is the holon position, shown in Fig. 7 (b). In that case,
the spin of the magnetic polaron is distributed over a
wide area around the holon. The AFM checkerboard
structure is almost completely suppressed because it is
favorable for the holon to delocalize equally over both
sublattices at this large value of t/Jz = 10. Similarly,
the charge distribution 〈nˆh(x− xs)〉 covers an extended
area around the spinon, see Fig. 7 (c).
Formal definition of spinons.– Formally we add an ad-
ditional label sˆ†i,σ|0〉 to the quantum states. Here i de-
notes the site of the spinon as defined above, and the
spin index σ depends on the sublattice index of site i
and will be suppressed in the following. When holon tra-
jectories are included which are not straight but return
to the origin, this label is not always unique, see Ref. [18]
or Sec. IV A. Thus, by adding the new spinon label to the
wave function, we obtain an over-complete basis. We will
deal with this issue later in Sec. IV and argue that the
use of the over-complete basis is a useful approach.
We also note that the spinon label basically denotes the
site where we initialize the hole and let it move around
to construct the basis of the model. In a previous work
by Manousakis [49], this site has been referred to as the
“birth” site without drawing a connection to the mag-
netization (the spin) of the magnetic polaron localized
around this site, as shown in Fig. 7 (a).
2. String theory: an over-complete basis
Our goal in this section is to describe the distortion
field σˆ〈i,j〉 by a conceptually simpler string on the square
lattice. This idea goes back to the works by Bulaevskii et
al. [15] and Brinkman and Rice [16], as well as works by
Trugman [18] and more recently by Manousakis [49]. In
Refs. [18, 49] a set of variational states was introduced,
based on the intuition that the holon leaves behind a
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FIG. 7. Partons forming the magnetic polaron: The spinon is defined as the end of the string of distorted spins created by the
motion of the spin-less holon. Their position operators are denoted by xs and xh, respectively. (a) The spinon corresponds
to a localized magnetic moment, as can be seen from the magnetization 〈Sˆz(x− xs)〉 calculated in the frame co-moving with
the spinon. (b) In the frame co-moving with the holon, in contrast, the magnetization 〈Sˆz(x − xh)〉 is extended over an area
a few lattice sites wide. (c) The charge 〈nˆh(x − xs)〉 calculated in the spinon frame is extended over a similar area around
the spinon. We have performed calculations for the non-linear string theory of the t − Jz model as described in the text, at
Jz = 0.1t, S = 1/2 and for a maximum string length `max = 10.
string of displaced spins, see Fig. 5.
Replacing the basis.– Within the approximations so far,
the orthogonal basis states are labeled by the value of
the distortion field σˆz〈i,j〉 on all bonds and the spinon and
holon positions,
sˆ†j |0〉 hˆ†i |0〉 |{σz〈i,j〉}〈i,j〉〉. (16)
The string description can be obtained by replacing this
basis by a closely related, but conceptually simpler set of
basis states.
When the holon propagates in the Ne´el state, starting
from the spinon position, it modifies the distortion field
σˆz〈i,j〉 differently depending on the trajectory Σ it takes.
Here we use the convention that trajectories Σ are defined
only up to self-retracing components, in contrast to paths
which contain the complete information where the holon
went. The holon motion thus creates a memory of its
trajectory in the spin environment.
Given a trajectory Σ and the spinon position, we
can easily determine the corresponding distortion field
σˆz〈i,j〉(Σ,xs). In the following we will assume that for
all relevant quantum states, the opposite is also true.
Namely, that given the distortion of the Ne´el state σˆz〈i,j〉,
we can reconstruct the trajectory Σ defined up to self-
retracing components, as well as the spinon position. We
will show that this is an excellent approximation. Using a
quantum gas microscope this one-to-one correspondence
can be used for accurate measurements of holon trajec-
tories Σ in the Ne´el state by imaging instantaneous spin
and hole configurations. We analyze the efficiency of this
mapping in detail in Sec. III D.
In some cases our assumption is strictly correct, for
example in the one-dimensional Ising model. In that
case the spinon corresponds to a domain wall in the anti-
ferromagnet, see Fig. 6 (a). When its location is known,
as well as the distance of the holon from the spinon (i.e.
the trajectory Σ), the spin configuration σˆz〈i,j〉 can be re-
constructed, see Fig. 6 (b). A second example, which is
experimentally relevant for ultracold atoms, involves a
model where the hole can only propagate along one di-
mension inside a fully two-dimensional spin system [98].
For the fully two-dimensional magnetic polaron prob-
lem, there exist sets of different trajectories Σ which give
rise to the same spin configuration σˆz〈i,j〉. Trugman has
shown [18] that the leading-order cases correspond to sit-
uations where the holon performs two steps less than two
complete loops around an enclosing area, see Fig. 12 (a).
Choosing a single plaquette, this requires a minimum of
six hops of the holon before two states cannot be distin-
guished by the corresponding holon trajectory anymore.
By performing six steps, a large number of states can
be reached in principle: In the first step, starting from
the spinon, there are four possible directions which the
holon can choose, followed by three possibilities for each
of the next five steps. This makes a total of 4 × 35 =
972 states over which the holon tends to delocalize in
order to minimize its kinetic energy. In contrast, there
are only eight distinct Trugman loops involving six steps
which lead to spin configurations that cannot be uniquely
assigned to a simple holon trajectory.
In the following we will use an over-complete set of
basis states, labeled by the spinon position and the holon
trajectory Σ,
sˆ†j |0〉 hˆ†i |0〉 |Σ〉. (17)
Σ will be referred to as the string which connects the
spinon and the holon. We emphasize that the string Σ is
always defined only up to self-retracing components; i.e.
two paths p1,2 taken by the holon correspond to the same
string Σ if p1 can be obtained from p2 by eliminating
self-retracing components. The distortion field σˆz〈i,j〉(Σ)
is uniquely determined by the string configuration and
no longer appears as a label of the basis states. Note
that two inequivalent states in the over-complete basis
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can be identified with the same physical state if their
holon positions as well as the corresponding distortion
fields σˆz〈i,j〉(Σ) coincide.
Geometrically, the over-complete space [18] of all
strings Σ starting from one given spinon position cor-
responds to the fractal Bethe lattice. The latter is iden-
tical to the tree defined by all possible holon trajectories
without self-retracing components. In Fig. 1 (b) this cor-
respondence is illustrated for a simple trajectory taken by
the holon. When r = r(Σ) denotes the site on the Bethe
lattice defined with the spinon in its origin and hˆ†(r)
creates the holon in this state, we can formally write the
basis states as
sˆ†j |0〉 hˆ†i |0〉 |Σ〉 = sˆ†j |0〉 hˆ†(r)|0〉. (18)
Linear string theory.– Next we derive the effective
Hamiltonian of the system using the new basis states
(18). From Eq. (15) we obtain an effective hopping term
of the holon on the Bethe lattice,
Hˆt = t
∑
〈r,s〉∈BL
hˆ†(r)hˆ(s) + h.c., (19)
where 〈r, s〉 ∈ BL denotes neighboring sites on the Bethe
lattice. This reflects the fact that the system keeps a
memory of the holon trajectory.
The spin Hamiltonian Eq. (C4) without magnons can
be analyzed by first considering straight strings. Their
energy increases linearly with their length ` with a coef-
ficient 4JzS
2`. To obtain the correct energy of the dis-
torted state, we have to include the zero-point energies
4JzS
2 of the holon and 2JzS
2 of the spinon, both mea-
sured relative to the energy Ecl0 = −2NJzS2 of the clas-
sical Ne´el state. Because the state with zero string length
` = 0 has energy 4JzS
2, which is 2JzS
2 smaller than the
sum of holon and spinon zero-point energies, we obtain
a point-like spinon-holon attraction.
The resulting Hamiltonian reads
HˆLST = Hˆt + 4JzS2
∑
r∈BL
[1 + `(r)] hˆ†(r)hˆ(r)
+ 2JzS
2
∑
j
sˆ†j sˆj − 2JzS2hˆ†(0)hˆ(0). (20)
Here `(r) denotes the length of the string defined by site
r on the Bethe lattice and hˆ†(0) creates a string with
length zero. Because we neglect self-interactions of the
string which can arise for configurations where the string
is not a straight line, we refer to Eq. (20) as linear string
theory (LST). Note that we have written Eq. (20) in sec-
ond quantization for convenience. It should be noted
however, that the spinon and the holon can only exist
together and a state with only one of them is not a well
defined physical state. Later we will include additional
terms describing spinon dynamics.
Non-linear string theory.– When the length ` of the
string is sufficiently large, it can start to interact with
itself. For example, when a string winds around a loop
or crosses its own path, the energy of the resulting state
becomes smaller than the value 4JzS
2` used in LST. We
can easily extend the effective Hamiltonian from Eq. (20)
by taking into account self-interactions of the string. If
HˆJ denotes the potential energy of the spin configura-
tion, determined from Eq. (C4) by using σˆz〈i,j〉(Σ), we
can formally write:
HˆNLST = Hˆt +
∑′
Σ
HˆJ(σz〈i,j〉(Σ)) |Σ〉〈Σ|. (21)
The sum in Eq. (21), denoted with a prime, has to be
performed over all string configurations Σ which do not
include Trugman loops. This is required to avoid get-
ting a highly degenerate ground state manifold, because
Trugman loop configurations correspond to strings with
zero potential energy. Such states are parametrized by
different spinon positions in our over-complete basis from
Eq. (18). As will be discussed in detail in Sec. IV, Trug-
man loops give rise to spinon dynamics, i.e. they induce
changes of the spinon position. Their kinetic energy lifts
the large degeneracy in the ground state of the potential
energy operator.
If, on the other hand, we remove the spinon label from
the basis states in Eq. (18) and exclude all string config-
urations with loops leading to double-counting of physi-
cal states in the basis, Eq. (21) corresponds to an exact
representation of the single-hole t − Jz model. By re-
moving only the shortest Trugman loops and states with
zero potential energy while allowing for spinon dynamics,
one obtains a good truncated basis for solving the t− Jz
model.
Using exact numerical diagonalization, the spectrum of
HˆNLST can be easily obtained. Because of the potential
energy cost of creating long strings, the holon and the
spinon are always bound, see for example Fig. 7 (b) and
(c). In Sec. III we will discuss their excitation spectrum
and the resulting different magnetic polaron states.
3. Parton confinement and relation to lattice gauge theory
Finally we comment on the definition of partons in
our work and in the context of lattice gauge theories. In
the latter case, one usually defines a gauge field on the
links of the lattice which couples to the charges carried
by the partons. Hence the partons interact via the gauge
field, and the question whether they are confined or not
becomes a question about the gauge fluctuations [31, 99].
In our parton construction so far, we have not specified
the gauge field, and partons interact via the string con-
necting them. Because the string is defined by displaced
spins, it can be directly measured, see also Sec. III D,
and thus represents a gauge-invariant quantity. An inter-
esting question, which we devote to future research how-
ever, is whether a lattice gauge theory can be constructed
which has a gauge-invariant field strength corresponding
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to the string. This would allow to establish even more
direct analogies between partons in high-energy physics
and holes in the t− J or t− Jz model.
D. Strong coupling wavefunction
Because of the single-occupancy constraint enforcing
either one spin or one hole per lattice site, see Eq. (4),
the spin and charge sectors are strongly correlated in the
original t − Jz Hamiltonian. Even when a separation of
timescales exists, as provided by the condition t  Jz,
no strong-coupling expansion is known for conventional
approaches developed to describe magnetic polarons, e.g.
for the usual 1/S expansion [17]. This is in contrast
to conventional polaron problems with density-density
interactions, where strong coupling approximations can
provide important analytical insights [100–103].
In the effective parton theory, the holon motion can
be described by a single particle hopping on the frac-
tal Bethe lattice. This already builds strong correla-
tions between the holon and the surrounding spins into
the formalism. Because the characteristic spinon and
holon time scales are given by 1/Jz and 1/t respectively,
the magnetic polaron can be described within the Born-
Oppenheimer approximation at strong couplings. This
corresponds to using an ansatz wavefunction of the form
|ψmag.pol.〉 = |ψspinon〉 ⊗ |ψholon〉. (22)
We can solve the fast holon dynamics for a static spinon,
and derive an effective low-energy Hamiltonian for the
spinon dressed by the holon afterwards. We will make
use of this strong-coupling approach throughout the fol-
lowing sections.
III. STRING EXCITATIONS
New insights about the magnetic polaron can be ob-
tained from the simplified LST Hamiltonian in Eq. (20)
by making use of its symmetries. Because the potential
energy grows linearly with the distance between holon
and spinon, they are strongly bound, i.e. the spinon
and holon form a confined pair. The bound state can
be calculated easily by mapping the LST to an effective
one-dimensional problem, see Ref. [15]. After providing
a brief review of this mapping, we generalize it to cal-
culate the full excitation spectrum of magnetic polarons
including rotational states. We check the validity of the
effective LST by comparing our results to numerical cal-
culations using NLST.
A. Mapping LST to one dimension: a brief review
The Schro¨dinger equation for the holon moving be-
tween the sites of the Bethe lattice can be written in
compact form as [104]
t
∑
s
ψ`+1,s + tψ`−1 + V`ψ` = Eψ`. (23)
Here the linear string potential is given by V` =
2JzS
2 (2`− δ`,0), E denotes the energy, and z = 4 is
the coordination number of the square lattice. In general
the wave function ψ(Σ) depends on the index Σ ∈ BL
corresponding to a site on the Bethe lattice, or equiva-
lently a string Σ. A useful parameterization of Σ ∈ BL is
provided by specifying the length ` of the string as well as
` angular coordinates s = s1, ..., s` with values s1 = 1...z
and sj = 1...z − 1 for j > 1. This formalism is used in
Eq. (23) and illustrated in Fig. 8 (a). In Eq. (23) only
the dependence on s = s` is shown explicitly. Because
we started from the LST, the potential V` is independent
of s. The normalization condition is given by∑
Σ∈BL
|ψ(Σ)|2 =
∑
`,s
|ψ`,s|2 = 1 (24)
where the sum includes all sites of the Bethe lattice.
The simplest symmetric wave functions ψ(Σ) only de-
pend on ` and are independent of s. We will first consider
this case, which realizes the rotational ground state of the
magnetic polaron. It is useful to re-parametrize the wave
function ψ` by writing
ψ`,s =
(−1)`
2
(z − 1)(1−`)/2︸ ︷︷ ︸
=λ`
φ`, ` ≥ 1, (25)
ψ0 = φ0. (26)
The normalization for the new wave function φ` is given
by the usual condition,
∑∞
`=0 |φ`|2 = 1, corresponding to
a single particle in a semi-infinite one-dimensional system
with lattice sites labeled by `.
The Schro¨dinger equation (23) for the 1D holon wave
FIG. 8. Symmetric holon states on the Bethe lattice. (a)
For rotationally invariant holon eigenstates on the Bethe lat-
tice, the wave function ψ`,s does not depend on the angular
variable s. (b) Such states can be mapped to eigenstates φ`
on a semi-infinite one-dimensional lattice, with renormalized
hopping strength t∗ and a potential linear in `.
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function φ` becomes [15],
−t∗ 2√
z − 1φ1 + V0φ0 = Eφ0, (27)
−t∗
(
φ2 +
2√
z − 1φ0
)
+ V1φ1 = Eφ1, (28)
−t∗ (φ`+1 + φ`−1) + V`φ` = Eφ`, ` ≥ 2. (29)
Away from the origin ` = 0, the effective hopping con-
stant t∗ in the 1D model is given by [15, 16]
t∗ = t
√
z − 1. (30)
The tunneling rate between ` = 0 and 1, on the other
hand, is given by 2t∗/
√
z − 1 = 2t.
Before we move on, we consider the continuum limit
of the effective 1D model where φ` → φ(x) and x ≥ 0
becomes a continuous variable, see Ref. [15]. This is a
valid description in the strong coupling limit, where t
Jz. For simplicity we will ignore deviations of V` from the
purely linear form at ` = 0, as well as the renormalization
of the tunneling t∗ → 2t from site ` = 0 to 1. As a result
one obtains the Schro¨dinger equation [15](
− ∂
2
x
2m∗
+ V (x)
)
φ(x) = Eφ(x), (31)
where the effective mass is m∗ = 1/2t∗, and the confining
potential is given by V (x) = −2t∗ + 4JzS2x.
By simultaneous rescaling of lengths, x → λ1/3x, and
the potential Jz → λJz, one can show that the eigen-
energies E in the continuum limit are given by [15, 19, 47]
En(t/J) = −2t
√
z − 1 + tan(t/J)−2/3, (32)
for some numerical coefficients an. It has been shown in
Refs. [15, 19] that they are related to the eigenvalues of
an Airy equation.
The scaling of the magnetic polaron energy like
t1/3J
2/3
z is considered a key indicator for the string pic-
ture. It has been confirmed in different numerical works
for a wide range of couplings [21, 25, 28, 48, 105], both
in the t−J and the t−Jz models. Diagrammatic Monte
Carlo calculations by Mishchenko et al. [28] have more-
over confirmed for the t−J model that the energy −2√3t
is asymptotically approached when J → 0. However, for
extremely small J/t on the order of 0.03 it is expected
[27] that the ground state forms a ferromagnetic polaron
[14] with ferromagnetic correlations developing inside a
finite disc around the hole. In this regime Eq. (32) is no
longer valid.
Using ultracold atoms in a quantum gas microscope
the universal scaling of the polaron energy can be di-
rectly probed when Jz/t is varied and for temperatures
T < J . To this end the super-exchange energy 〈HˆJ〉
can be directly measured by imaging the spins around
the hole. Note that 〈HˆJ〉 has the same universal scal-
ing with t1/3J
2/3
z as the ground state energy at strong
couplings.
The excited states of the effective 1D Schro¨dinger equa-
tion (31) correspond to vibrational resonances of the me-
son formed by the spinon-holon pair, labeled by the vi-
brational quantum number n. In a semi-classical picture,
they can be understood as states where the string length
is oscillating in time. Now we generalize the mapping to
a 1D problem for rotationally excited states.
B. Rotational string excitations in LST
Within LST the entire spectrum of the magnetic po-
laron can easily be derived by making use of the sym-
metries of the holon Hamiltonian on the Bethe lattice.
Around the central site, where ` = 0, we obtain a C4 sym-
metry. The C4-rotation operator has eigenvalues e
ipim4/2
with m4 = 0, 1, 2, 3 and the eigenfunctions depend on the
first angular variable s1 in the following way: e
ipim4s1/2.
So far we assumed that the wave function ψ` only de-
pends on the length of the string `, which corresponds to
an eigenvalue of C4 which is m4 = 0.
In addition, every node of the Bethe lattice at ` > 0
is associated with a P3 permutation symmetry. The
P3-permutation operator has eigenvalues e
i2pim3/3 with
m3 = 0, 1, 2 and the eigenfunctions depend on the j-
th angular variable sj , j > 1, in the following way:
ei2pim3sj/3. The symmetric wave function ψ` discussed
in Sec. III A so far had m3 = 0 for all nodes.
1. First rotationally excited states
We begin by considering cases where all m3 = 0 are
trivial, but m4 6= 0 becomes non-trivial. The Schro¨dinger
equation in the origin at ` = 0 now reads
t
4∑
s1=1
ψ
(n,m4)
1,s1
+ V0ψ
(n,m4)
0 = E
(n,m4)ψ
(n,m4)
0 , (33)
where we introduced labels (n,m4) denoting the vibra-
tional and the first rotational quantum numbers.
Because the dependence of ψ
(n,m4)
1,s1
on the first angular
variable s1 is determined by the value of m4 as explained
above, the first term in Eq. (33) becomes
4∑
s1=1
ψ
(n,m4)
1,s1
∝
4∑
s1=1
ei
pi
2m4s1 ∝ δm4,0. (34)
Because of the Kronecker delta function δm4,0 on the
right hand side, we see that for m4 6= 0 Eq. (33) becomes
V0ψ
(n,m4)
0 = E
(n,m4)ψ
(n,m4)
0 . Unless E
(n,m4) = V0, this
equation only has the solution ψ
(n,m4)
0 = 0. It is only pos-
sible to have ψ
(n,m4)
0 6= 0 if E(n,m4) = V0, which is not a
solution of det(Hˆ − E(n,m4)) = 0 in general however.
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Thus the first rotationally excited states are three-fold
degenerate (m4 = 1, 2, 3) and given by
ψ
(n,m4)
0 = 0,
ψ
(n,m4)
`,s1
= ei
pi
2m4s1λ`φ
(n,m4)
` , s1 = 0, 1, 2, 3.
Here λ` was defined in Eq. (25) and the radial part
φ
(n,m4)
` is the solution of the Schro¨dinger equation (27) -
(29) for the potential V` → V C4` , where
V C4` =
{
+∞, ` = 0
V`, ` > 0
. (35)
For ` = 0 we introduced a large centrifugal barrier,
preventing the holon from occupying the same site as
the spinon. This takes into account the effect of the
Kronecker-delta function in Eq. (34), without the need
to explicitly deal with the rotational variable s1 in the
wavefunction. Note that the effective 1D Schro¨dinger
equation is independent of m4 when m4 6= 0, and the
same is true for the resulting eigenenergies E(n,m4).
2. Higher rotationally excited states
Higher rotationally excited states with non-trivial P3
quantum numbers m3 6= 0 at some node can be deter-
mined in a similar way. Let us consider m3 6= 0 at a node
corresponding to a string of length `P. The Schro¨dinger
equation at this node reads
t
3∑
s`P+1=1
ψ
(n,m3)
`P+1,s`P+1
+ tψ
(n,m3)
`P−1 + V`Pψ
(n,m3)
`P
=
= E(n,m3)ψ
(n,m3)
`P
. (36)
Again the first term is only non-zero when m3 = 0.
This can be seen from the dependence of ψ
(n,m3)
`P+1,s`P+1
∝
ei
2pi
3 m3s`P+1 on the angular variable s`P+1, which yields a
Kronecker delta δm3,0 when summed over s`P+1 = 1, 2, 3.
For m3 6= 0, we obtain two sets of independent
eigenequations. The first involves only strings of length
` ≤ `P. If it has a non-trivial solution with ψ(n,m3)`P 6= 0
and energy E(n,m3), there is a second eigenequation in-
volving strings of length ` ≥ `P. In general the second
equation cannot be satisfied, because the energy E(n,m3)
is already fixed. The trivial choice ψ
(n,m3)
` = 0 for ` > `P
does not represent a solution because there exists a non-
vanishing coupling to ψ
(n,m3)
`P
6= 0.
Therefore the only general solution is trivial for ` ≤ `P
and non-trivial for longer strings,
ψ
(n,m3)
` = 0, ` ≤ `P,
ψ
(n,m3)
`,s = e
i2pim3s/3λ`φ
(n,m3)
` , ` > `P,
for m3 6= 0 and with s = 0, 1, 2. The radial part φ(n,m3)`
of the rotationally excited string is determined by the
Schro¨dinger equation (27) - (29) for the potential V` →
V P3` , where
V P3` (`P) =
{
+∞, ` ≤ `P
V`, ` > `P
. (37)
In this case there exists an even more extended centrifu-
gal barrier than for the C4 rotational excitations. It ex-
cludes all string configurations of length ` ≤ `P. Note
that the effective 1D Schro¨dinger equation is indepen-
dent of m3 when m3 6= 0, and the same is true for the
resulting eigenenergies E(n,m3).
Note that the rotationally excited states of the P3 op-
erator are highly degenerate. Because the wave function
vanishes for all ` ≤ `P, there exist 4 × 3`P−1 decoupled
sectors on the Bethe lattice where ψ(n,m3)(Σ) 6= 0. To-
gether with the two choices m3 = 1 and 2, the total
degeneracy D3(`P) becomes
D3(`P) = 8× 3`P−1. (38)
C. Comparison to NLST and scaling laws
In Fig. 1 (c) and Fig. 9 we show results for the eigenen-
ergies from LST and NLST respectively. As indicated in
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FIG. 9. Excitation spectrum of magnetic polarons in the
strong coupling parton theory as a function of Jz/t. Note
that the ground state energy was subtracted, which scales as
J
2/3
z t
1/3. We used S = 1/2 and NLST with strings of length
up to `max = 8. A similar calculation is presented in Fig. 1
using LST with `max = 100. The degeneracies of the lowest
excited manifolds of states are indicated in circles. Dark blue
lines correspond to vibrationally excited states without rota-
tional excitations, i.e. m3 = m4 = 0. Orange lines correspond
to purely rotationally excited states with at least one m3 or
m4 non-vanishing. No calculations were performed for higher
energies (shaded area). The finite gap predicted for small Jz/t
by NLST is a finite-size effect caused by the maximal string
length `max = 8 assumed in the calculations.
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the figures, we have confirmed for the lowest lying ex-
cited states that LST correctly predicts the degeneracies
of the low-lying manifolds of states obtained from the
more accurate NLST. While these degeneracies are exact
for LST, the self-interactions of the string included in the
NLST open small gaps between some of the states and
lift the degeneracies. In general we find good qualitative
agreement between LST and NLST.
1. Excitation energies
For the energy of the first excited state with rotational
quantum number m4 > 0 and m3 = 0, we find excel-
lent quantitative agreement between LST and NLST. At
small Jz/t we note that NLST predicts a larger energy
than LST which appears to saturate at a non-zero value
when Jz/t → 0. This is a finite-size effect caused by
the restricted Hilbert space with maximum string length
`max = 8. Aside from this effect, we obtain the following
scaling behavior
Erot(n = 1)− E0 ∝ Jz (39)
for all rotationally excited states without radial (i.e. vi-
brational) excitations (n = 1).
In contrast, the excited states with vibrational excita-
tions (n > 1) show a scaling behavior
Evib(n > 1)− E0 ∝ J2/3z t1/3 (40)
as expected on general grounds from the effective one-
dimensional Schro¨dinger equation, see Eq. (32).
2. String-length distribution
In Fig. 10 we calculate the distribution function p` of
string lengths for t/Jz = 10 well in the strong coupling
regime. The comparison between results from NLST with
a maximum string length `max = 8, and LST calculations
with `max = 100 shows excellent quantitative agreement
for p`. Only for the highest excited state considered,
with the largest mean string length, we observe some
discrepancies at large values of ` around the cut-off `max
used in the NLST.
We confirm a strong suppression of p` for ` ≤ `P in the
rotationally excited states due to the centrifugal barrier.
We note that even within the NLST the C4 rotational
symmetry and the P3 permutation symmetry at ` = 1 are
strictly conserved. The good quantitative agreement for
p` should be contrasted to the predicted energies, where
larger deviations are observed between LST and NLST
in the strong coupling regime.
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FIG. 10. String length distributions p` of the first excited
string states at Jz/t = 0.1: i the ground state, ii the first
excited state with `P = 0 and m4 6= 0, and iii the fifth excited
state with `P = 1 and m3 6= 0. Calculations are performed for
S = 1/2 and a maximum string length of `max = 8 (`max =
100) was used for NLST (LST).
D. String reconstruction in a quantum gas
microscope
As explained in Sec. I C the spin configuration around
the holon in a t − Jz model can be directly accessed
[60]. Measurements of this general type are routinely per-
formed in quantum gas microscopy. For example, they
have been used to measure the full counting statistics of
the staggered magnetization in a Heisenberg AFM, see
Ref. [70], and non-local signatures of spin-charge sep-
aration, see Ref. [44]. These capabilities should allow
imaging of the string attached to the holon, and extract
the full distribution function of the string length. This
makes quantum gas microscopes ideally suited for direct
observations of the different excited states of magnetic
polarons. Now we will assume that both spin states and
the density can be simultaneously imaged [60].
Knowledge of the spin configuration enables the deter-
mination of the distortion field σˆz〈i,j〉. In order to identify
the string attached to a holon in a single shot, we now
introduce a local measure for the distortion of the Ne´el
state at a given site i,
θi =
1
2
∑
〈i,j〉
′ (
1 + σˆz〈i,j〉
)
. (41)
Here,
∑′
〈i,j〉 denotes a sum over all bonds 〈i, j〉 to neigh-
boring sites j, where both sites i and j are occupied by
spins. Therefore, the happiness θi assumes integer val-
ues between 0 and 4, where 0 (4) corresponds to aligned
(anti-aligned) spins on all adjacent bonds.
Since the AFM spin order is maintained along a string
without loops, the distortion field σˆz〈i,j〉 = 1 is unity on
bonds 〈i, j〉 that belong to the string and do not include
the holon position. Since spins on the string are displaced
with respect to the surrounding AFM, it holds σˆz〈i,j〉 =
−1 if site i is occupied by a spin and belongs to the
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FIG. 11. Retrieving strings in the t−Jz model. We start from
a perfect Ne´el state and create a spinon in the center. Within
LST, the distribution of spin patterns is determined by the
wavefunction of the holon on the Bethe lattice. The inset
shows two snapshots for string lengths ` = 3 and ` = 7 where
the holon position is marked red. We generated pictures by
sampling the three different string length distributions plotted
in the figure and choosing random directions of the string. By
analyzing the happiness for every spin pattern as described in
the text, we retrieve the string for every snapshot. We assume
that both spin states and the density can be simultaneously
measured. The distribution functions of the lengths of re-
trieved strings compare well with the sampled distributions,
even for long strings.
string and site j is not part of the string. Therefore, the
happiness θi on sites i belonging to the string corresponds
to the number of neighboring spins that are also part of
the string. For sites j outside of the string, θj = 4−N si ,
where N si is the number of neighboring sites that belong
to the string. By analyzing the happiness according to
these rules, we can start from the holon position and
reconstruct the attached string.
The scheme described above allows to directly observe
spinons and strings in realizations of the t − Jz model
with quantum gas microscopes. To mimic this situation,
we start from a perfect Ne´el state and initiate a hole in
the center of the system. For a given string length ` > 0,
we first move it randomly to one out of its four neigh-
boring sites. If ` > 1, we randomly choose one out of
the three sites which the holon did not visit in the pre-
vious step. This step is repeated until a string of length
` is created. Thereby, loops are allowed in the string,
but the hole cannot retrace its previous path. In Fig. 11,
we sample strings according to a given string length dis-
tribution function p` and retrieve them from the result-
ing images by examining the values of θi as described
above. Comparison of the sampled distribution, taken
from LST, with the retrieved string length distribution
shows that even long strings can be efficiently retrieved
in the images. Corrections by loops only lead to a small
over-counting (under-counting) of short (long) strings on
the level of a few percent.
IV. SPINON DISPERSION: TIGHT-BINDING
DESCRIPTION OF TRUGMAN LOOPS
In the previous section we were concerned with the
properties of the holon on the Bethe lattice. Motivated
by the strong-coupling ansatz from Eq. (22) the spinon
was treated as completely static so far, placed in the ori-
gin of the Bethe lattice. It has been pointed out by Trug-
man [18] that the magnetic polaron in the t − Jz model
can move freely through the entire lattice by perform-
ing closed loops around plaquettes of the square lattice
which restore the Ne´el order, see Fig. 12 (a). By using
the string theory in an over-complete Hilbert space we
have not included the effects of such loops so far.
Now we show that a conventional tight-binding calcu-
lation allows one to include the effects of Trugman loops
in our formalism. They give rise to an additional term in
the effective Hamiltonian describing spinon dynamics,
HˆT = tT
∑
〈〈i,j〉〉d
sˆ†j sˆi + h.c.. (42)
Here 〈〈i, j〉〉d denotes a pair of two next-nearest neighbor
sites i and j on opposite ends of the diagonal across a pla-
quette in the square lattice; every such bond is counted
once. The new term is denoted by HˆT because it de-
scribes how Trugman loops contribute to the spinon dy-
namics. Below we will derive an analytic equation for
calculating tT and compare our predictions with exact
numerical calculations of the spinon dispersion relation.
A. Trugman loops in the spinon-holon picture
In the spinon-holon theory we use the over-complete
basis introduced in Eq. (17). To study corrections in our
model introduced by this over-completeness, let us first
consider only the LST approximation, see Eq. (20), where
the holon is localized around the spinon and the latter
has no dynamics. In this case, the over-completeness of
the basis leads to very small errors.
To see this, note that the first physical state σz〈i,j〉
which can be identified with two inequivalent basis states
|xs,Σ〉, |x′s,Σ′〉 involves at least six string segments. Such
states can be obtained from the so-called Trugman loops
[18]: Starting with a holon at spinon position xs and
performing one-and-a-half loops around a plaquette, one
obtains a state |xs,Σ〉 with string length `(Σ) = 6 which
corresponds to the same physical state as the string
length zero state |x′s,Σ′〉 with `(Σ′) = 0, where x′s is a
diagonal next-nearest neighbor of xs. This is illustrated
in Fig. 12 (a), where after performing the Trugman loop
the surrounding Ne´el state is not distorted.
When the confinement is tight, Jz & t, the wavefunc-
tion φ` decays exponentially with the string length, and
physical states which are represented more than once in
the over-complete basis are very weakly occupied. Even
when t  Jz – but still assuming the LST Hamiltonian
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FIG. 12. Trugman loops in the spinon-holon picture: (a) When the holon performs one-and-a-half loops around one plaquette
(arrows), the spin configuration of the Ne´el state is restored [18]. This process can be associated with two different configurations
of the spinon and the string in the over-complete Hilbert space of the string theory. In the first case the spinon is located at (0, 0)
and the string is oriented counterclockwise (blue). In the second case the spinon is located at (1, 1) and the string is oriented
clockwise (pink). Trugman loops correspond to a correlated pair tunneling of the spinon and the holon diagonally across the
plaquette, for which the holon has to overcome the potential energy barrier shown in (b). At strong couplings, t  Jz, this
barrier is shallow. The resulting effective spinon hopping element can be calculated by a tight-binding approach, where the
difference in potential energies HˆNLST − HˆLST between the full non-linear and linear string theory are treated perturbatively
(c). This is similar to the tight-binding calculation of the hopping element of an electron between two atoms. Like the string
theory the latter relies on using an over-complete basis, with one copy of the entire Hilbert space for each atom.
– the fraction of physical states with multiple represen-
tations in the over-complete basis is small, see discussion
above Eq. (17). The reason is essentially that specific
loop configurations need to be realized out of exponen-
tially many possible string configurations.
Now we consider the effect of non-linear corrections
to the string energy, as described in Eq. (21). We can
loosely distinguish between two types of corrections: (i)
for strings without loops, attractive self-interactions be-
tween parallel string segments can lower the string en-
ergy, and (ii) for strings with Trugman loops, the po-
tential energy can vanish completely. While the first ef-
fect (i) only leads to small quantitative corrections of the
spinon-holon energy, the second effect leads to a large
degeneracy within the over-complete basis and needs to
be treated more carefully.
When two states |xs,Σ〉 and |x′s,Σ′〉 in the over-
complete basis have zero potential energy and their holon
positions coincide, their distortion fields are identical,
σz〈i,j〉(Σ) = σ
z
〈i,j〉(Σ
′) and they correspond to the same
physical state. By this identification we notice that the
effect of Trugman loops is to introduce spinon dynamics:
consider starting from a string length zero state around
a spinon at xs. By holon hopping a final state in the
over-complete basis can be reached which can be iden-
tified with another string length zero state but around
a different spinon position x′s. Our goal in this section
is to start from degenerate eigenstates of the LST and
describe quantitatively how the corrections by NLST,
HˆNLST − HˆLST, introduce spinon dynamics. This can
be achieved by a conventional tight-binding approach.
In the case when t < Jz the Trugman loop process is
strongly suppressed because it corresponds to a 6th or-
der effect in t and the holon has to overcome an energy
barrier of height 12JzS
2, see Ref. [18] and Fig. 12 (b).
Although these perturbative arguments based on an ex-
pansion in t/Jz no longer work when t Jz, we will show
that Trugman loop processes only lead to small correc-
tions tT . Jz, a small fraction of Jz. The key advantage
of using tight-binding theory is that the potential energy
∼ Jz rather than the holon hopping ∼ t is treated per-
turbatively.
B. Tight-binding theory of Trugman loops
To explain how tight-binding theory allows us to take
into account the over-completeness of the basis used in
LST, see Sec. II C 2, we draw an analogy with conven-
tional tight-binding calculations for Bloch bands. We
start by a brief review of the tight-binding approach and
explain how, implicitly, use is being made of an over-
complete basis. See e.g. Ref. [106] for an extended dis-
cussion of conventional tight-binding calculations.
1. Tight-binding theory in a periodic potential
Consider a quantum particle moving in a periodic po-
tential W (x) = W (x + a). We assume that the lattice
W (x) has a deep minimum at xj within every unit cell
[ja, (j + 1)a], where the particle can be localized. This
is the case for example if W (x) =
∑
j W˜ (x − xj) corre-
sponds to a sum of many atomic potentials W˜ (x − xj)
created by nuclei located at positions xj . Similarly, the
NLST potential is periodic on the Bethe lattice, although
the geometry is much more complicated in that case.
The idea behind tight-binding theory is to solve the
problem of a single atomic potential W˜ (x−x0) first. This
yields a solution w˜(x − x0) localized around x0. Then
one assumes that the orbital w˜(x − x0) is a good ap-
proximation for the correct Wannier function w(x − x0)
defined for the full potential W (x), see Fig. 12 (c). The
tight-binding orbital w˜(x − x0) defined by the potential
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W˜ (x−x0) around x0 is similar to the holon state defined
by the LST Hamiltonian HˆLST around a given spinon
position xs.
The potential energy mismatch W (x)−W˜ (x) can now
be treated as a perturbation. Most importantly, it in-
duces transitions between neighboring orbitals w˜(x−xj)
and w˜(x− xj±1). This leads to a nearest neighbor tight-
binding hopping element
ttb = 〈w˜(x− xj)|W (x)− W˜ (x)|w˜(x− xj±1)〉. (43)
For this perturbative treatment to be valid, it is sufficient
to have a small spatial overlap between the two neighbor-
ing orbitals,
ν = |〈w˜(x− xj)|w˜(x− xj±1)〉|  1. (44)
The energy difference W (x − xj) − W˜ (x − xj±1) on the
other hand can be sizable.
In practice, the most common reason for a small wave-
function overlap ν  1 is a high potential barrier which
has to be overcome by the particle in order to tunnel
between two lattice sites. In this case, once the barrier
becomes too shallow, ν becomes sizable and the tight-
binding approach breaks down. As another example,
consider two superconducting quantum dots separated
by a dirty metal. Even without a large energy barrier,
the wavefunction of the superconducting order parame-
ter decays exponentially outside the quantum dot due to
disorder [107, 108]. This leads to an exponentially small
wavefunction overlap ν  1 and justifies a tight-binding
treatment.
Similar to the case of the string theory of magnetic
polarons, the effective Hilbert space used in conventional
tight-binding calculations is over-complete. To see this,
note that the tight-binding Wannier function w˜(x − xj)
corresponding to lattice site j is defined on the space
Hj of complex functions mapping R → C with site j in
the center. Assuming that every such Wannier function
is defined in its own copy of this Hilbertspace Hj , we
obtain – by definition – that the resulting tight-binding
wavefunctions are mutually orthogonal. But in reality,
the physical Hilbert spaceHphys consists of just one copy
of the space of all functions mapping R → C, and after
identifying all states inHj with a physical state inHphys,
the resulting tight-binding Wannier functions in Hphys
are no longer orthogonal in general: i.e. ν 6= 0. As long as
ν  1, they still qualify as good approximations for the
true, mutually orthogonal Wannier functions w(x− xj),
which justifies the tight-binding approximation.
2. Tight-binding theory in the spinon-holon picture
We can now draw an analogy for a single hole in the
t − Jz model. The true physical Hilbert space corre-
sponds to all spin configurations and holon positions, see
Eq. (16). The over-complete Hilbert space is defined by
copies of the Bethe lattice, each centered around a spinon
positioned on the square lattice. As a result of Trug-
man loops, certain string configurations can be associ-
ated with two spinon positions, see Fig. 12 (c).
We start by describing the tight-binding formalism for
the Trugman loop hopping elements. When t  Jz,
large energy barriers strongly suppress spinon hopping,
see Fig. 12 (b). As a result, the overlap of the holon
state corresponding to a spinon at xs with the holon state
bound to a spinon at xs + r is small,
νn(r) = |〈ψn(xs + r)|ψn(xs)〉|  1, (45)
and the tight-binding approximation is valid. Here r de-
notes a vector connecting sites from the same sublattice
and n is the vibrational quantum number of the holon
state. Note that in the definition of ν in Eq. (45), two
states from the overcomplete basis are assumed to have
unit overlap if they correspond to the same physical state.
The holon wave functions on the Bethe lattice for differ-
ent spinon positions xs are the equivalent of the tight-
binding orbitals w˜(x − xj) corresponding to lattice sites
xj discussed above. We will show below that the condi-
tion Eq. (45) remains true even when the barrier becomes
shallow, Jz  t, and that even in this regime the follow-
ing tight-binding calculation is accurate.
Transitions between states associated with different
spinon positions xs and xs + r are induced by the po-
tential energy mismatch HˆNLST − HˆLST, see Fig. 12 (b).
This takes the role of W (x)−W˜ (x) from the conventional
tight-binding calculation. Accordingly, the tight-binding
spinon hopping element is given by
tT(n) = 〈ψn(rs+ex+ey)|HˆNLST−HˆLST|ψn(rs)〉. (46)
Here we have set r = ex + ey which corresponds to
the simplest Trugman loop process inducing spinon hop-
ping diagonally across the plaquette. A more precise
expression is obtained by noting that for long strings
HˆNLST − HˆLST also leads to longer-range spinon hop-
ping, which should be counted separately. Below we will
discuss in detail which contributions we include to ob-
tain an accurate expression, see Eq. (50), for the diagonal
Trugman loop spinon hopping tT from Eq. (42).
To understand the meaning of Eq. (46), consider
the simplest configuration |xs,Σ〉 for which (HˆNLST −
HˆLST)|xs,Σ〉 6= 0. It has a string length of ` = 3 and
can be reached by performing three quarters of a loop
around a plaquette, starting with either a spinon in the
lower left corner and going counter-clockwise, or a spinon
in the top right corner and going clockwise. This is illus-
trated in Fig. 12 (a) and (c).
Now we consider the case of a shallow potential bar-
rier Jz  t and show that the overlap ν in Eq. (45) is
exponentially suppressed, even for vibrationally highly
excited states with a large average string length. The
overlap ν can be written as a sum over terms of the form
ψ∗`ψ6−`, where the wavefunction ψ` defined on the Bethe
lattice is related to the effective one-dimensional wave-
function φ` by Eq. (25) with a typical extent given by
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L0. For simplicity we approximate |φ`|2 ≈ 1/L0 for
` < L0 and φ` = 0 otherwise. Following Bulaevskii
et al. [15] we equate the average kinetic and poten-
tial energies in the effective Schro¨dinger equation (31),
1/2m∗L20 = 4JzS
2L0, to obtain the following estimate
L0 ≈ (2S)−2/3
(
t
Jz
)1/3
(z − 1)1/6 ≈ 1.2
(
t
Jz
)1/3
(47)
for the typical length of the string connecting the spinon
to the holon. In the second step we used S = 1/2 and
z = 4 for the 2D anti-ferromagnet.
Because the Bethe lattice has a fractal structure with
z − 1 new branches emerging from each node, the am-
plitude |ψ`|2 is reduced by the additional exponential
factor λ2` as compared to |φ`|2, see Eq. (25). It holds|ψ`|2 ≈ (z − 1)1−`/(4L0), from which we obtain
|ψ`|2 ≈ 0.6
(
Jz
t
)1/3
× 3−` (48)
using the estimate for L0 from above. In terms of the
original t−Jz model, the exponential suppression of |ψ`|2
with ` can be understood as a consequence of the expo-
nentially many spin configurations that can be realized
by the motion of the hole. From Eq. (48) we see that
already for ` = 3 we obtain |ψ3|2 ≈ 0.023 (Jz/t)1/3  1
and thus ν  1. Even for excited string states the expo-
nential suppression of the amplitude |ψ`|2 by λ2` on the
Bethe lattice leads to |ψ3|2 ≈ 0.028|φ3|2  1. Therefore
the perturbative treatment of Trugman loops is justified
for the entire range of parameters t/Jz. We demonstrate
this by an exact numerical calculation for a closely re-
lated toy model which is presented in Appendix D.
Next we provide additional physical intuition why the
tight-binding approach works even in the regime when
the potential barrier is shallow, Jz  t. In this limit,
the kinetic energy of the holon is minimized by delocal-
izing the holon symmetrically over all possible z − 1 di-
rections at each node on the Bethe lattice. This leads
to the exponential decay of the holon wavefunction ψ`
with `, which is equal for all directions on the Bethe
lattice. It also yields a zero-point energy of −2√z − 1t
when Jz = 0. In order to minimize its energy further, the
holon could make use of the non-linearity of the string
potential described by HˆNLST: By occupying preferen-
tially the directions on the Bethe lattice corresponding
to Trugman loops, the average potential energy is low-
ered. This mechanism is very ineffective, because it re-
quires localizing the holon on the particular set of states
corresponding to the Trugman loops. This costs kinetic
energy of order t: The average kinetic zero-point energy
of a holon moving along one fixed direction is given by
−2t instead of −2√z − 1t. Therefore, in the limit t Jz,
the kinetic term in the Hamiltonian dictates a symmet-
ric distribution of the holon over all possible directions,
which allows to treat perturbatively the effect of the re-
duced string potential for the very few specific directions
defined by the Trugman loop string configurations.
C. Application: Spinon hopping elements
in the t− Jz model
Next we apply the tight-binding theory of Trugman
loops introduced above and derive a closed expression
for the effective spinon hopping elements using Eq. (46).
1. Contributing string configurations
For every plaquette there exist two Trugman loops con-
tributing to tT: a clockwise and a counter-clockwise one.
In Fig. 12 (b) we show the energies V NLST` for states
along one of these loops. For strings of length `1 ≥ 3,
measured from the first spinon position xs, they differ
from the expression V` = 4JzS
2` assumed in LST by
δV`1 = V
NLST
`1 − V`1 = −JzS2 × (2, 8, 16, 26), (49)
for `1 = (3, 4, 5, 6). These configurations overlap
with strings of length `2 = 6 − `1, measured from
the second spinon position xs ± ex ± ey on the op-
posite side of the plaquette in the square lattice.
Using Eq. (46) these states contribute an amount
2
∑6
`1=3
δV`1λ6−`1φ
∗
6−`1λ`1φ`1 to the Trugman loop hop-
ping element tT.
In addition there are overlaps for longer strings with
`1 +`2 > 6. Let us start from a configuration with strings
of lengths `
(0)
1 = 4 from spinon one, and `
(0)
2 = 2 from
spinon two, such that combining them yields the Trug-
man loop process. In particular, `
(0)
1 + `
(0)
2 = 6. Now a
set of (z − 2)(z − 1)n−1 string configurations of lengths
`1 = `
(0)
1 + n and `2 = `
(0)
2 + n (measured from the
two spinon positions respectively) can be constructed,
for which the last n > 0 segments can be identified on
the Bethe lattice, see Fig. 13. For all these states, the
mismatch of the corresponding potential energies defined
relative to the two spinon positions (LST versus NLST)
is given by δV
`
(0)
1
. Together all these configurations
with `
(0)
1 = 3, 4, 5 contribute 2
∑5
`
(0)
1 =3
δV
`
(0)
1
∑∞
n=1(z −
2)(z − 1)n−1λ
`
(0)
2 +n
φ∗
`
(0)
2 +n
λ
`
(0)
1 +n
φ
`
(0)
1 +n
to the tight-
binding Trugman loop hopping element tT, where `
(0)
2 =
6− `(0)1 is assumed in the sum.
The only missing set of strings with `1+`2 > 6 consists
of cases where the first string (with length `1 measured
from the first spinon) includes the position of the second
spinon on the Bethe lattice. This situation corresponds
to `
(0)
1 = 6 and `
(0)
2 = 0 using the notation from the
previous paragraph. In this case there exist (z − 1)n
configurations of this type, for most of which one ob-
tains a mismatch of potential energies of δV7 = −24JzS2.
Along certain directions the magnitude of the energy mis-
match between LST and NLST is larger, and this corre-
sponds to a case where a second Trugman loop follows
the first one. Because it gives rise to longer-range spinon
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FIG. 13. Contributions to the tight-binding Trugman loop
spinon hopping element tT from site xs to xs+ex+ey. Strings
of length `1 measured from the first spinon position xs overlap
with strings of length `2 measured from the second spinon
position. The parts of the strings along the Trugman loop
trajectory have lengths `
(0)
1,2 respectively, with `
(0)
1 + `
(0)
2 = 6.
hopping, we will neglect these contributions in the fol-
lowing and take into account the constant energy mis-
match of δV7 = δV6 + 2JzS
2 in the tight-binding cal-
culation of tT. This class of strings thus contributes
2δV7
∑∞
n=1(z − 1)nλnφ∗nλ6+nφ6+n to tT.
2. Trugman loop hopping elements
Summarizing, we obtain the following expression for
the tight-binding Trugman loop hopping element
tT = 2
6∑
`
(0)
1 =3
∞∑
n=0
λ
6−`(0)1 +n
λ
`
(0)
1 +n
φ∗
6−`(0)1 +n
φ
`
(0)
1 +n
×
{
δn,0 δV`(0)1
+ (1− δn,0)
[
(1− δ
`
(0)
1 ,6
)
z − 2
z − 1δV`(0)1
+ δ
`
(0)
1 ,6
(
δV
`
(0)
1
+ 2JzS
2
)]}
× (z − 1)n (50)
within LST. Note that the exponential factor (z − 1)n is
canceled by powers of (z−1) appearing in the coefficients
λ` relating the wavefunction on the Bethe lattice to the
effective one-dimensional wavefunction φ`.
In Fig. 14 we used Eq. (50) to calculate the diago-
nal spinon hopping elements tT for the lowest vibrational
string states n = 1, ..., 5. For small Jz/t 1 we find the
largest hoppings in units of Jz. For the ro-vibrational
ground state of the string, n = 1, the Trugman loop hop-
ping tT < 0 is always negative. This is due to the fact
that we can choose φ` > 0 in the ground state, such that
all overlaps in Eq. (50) contribute a negative amount to
tT. For vibrationally excited states φ` has nodes where
the wave function changes sign, thus reducing the Trug-
man loop hopping element. This effect explains the os-
cillatory behavior of tT(Jz) observed as a function of Jz
for vibrationally excited states.
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FIG. 14. Spinon hopping tT in the t− Jz model for S = 1/2.
We applied the tight-binding theory presented in the main
text to the rotational ground state of the magnetic polaron
in LST, for the vibrational ground state (n = 1) and the first
four vibrationally excited states (n = 2, ..., 5). The maximum
string length was `max = 200.
3. Comparison to exact diagonalization
To test the strong coupling description of magnetic po-
larons in the t−Jz model, we compare our prediction for
the dispersion relation to exact numerical simulations in
small systems. First we study the shape of the dispersion
in a 4-by-4 lattice, followed by a discussion of the mag-
netic polaron bandwidth W which has been calculated in
larger systems in Refs. [4, 109].
In the parton theory of magnetic polarons, we use a
product ansatz for the strong coupling wave function
where the holon is bound to the spinon, see Eq. (22).
As a result the momentum k of the magnetic polaron is
entirely carried by the spinon; Its dispersion relation is
determined from the effective spinon dispersion which is
obtained from Eq. (42):
s(k) = 2tT [cos (kx + ky) + cos (kx − ky)] . (51)
In Fig. 15 our results for the magnetic polaron disper-
sion relation are shown for t/Jz = 0.2. We note that the
ground state energy of the magnetic polaron on the 4×4
torus is rather well reproduced by LST. The minimum
of the dispersion relation is predicted at (0, 0) and (pi, pi)
by LST. These two states are exactly degenerate in an
infinite system because the Ne´el state breaks the sublat-
tice symmetry. In the exact numerical calculation, the
eigenstates with the two lowest energies are also located
at momenta (0, 0) and (pi, pi). We note that the numer-
ical results show an energy difference ∼ 0.25Jz between
(0, 0) and (pi, pi). This is a finite-size effect, indicating
that the 4 × 4 lattice is not large enough to break the
discrete translational symmetry of the t− Jz model and
form a Ne´el state.
The shape of the dispersion in the 4×4 system deviates
somewhat from the expectation in the infinite system.
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FIG. 15. The magnetic polaron dispersion E0(k) is shown for
the t−Jz model at Jz = 0.2t and S = 1/2, relative to the en-
ergy Espins of the ground state without the hole. The predic-
tions from LST are compared to exact diagonalization (ED)
for a small system with periodic boundary conditions. The
solid black line is the LST prediction for an infinite system
with a single hole. The dashed line is obtained by using the
spinon dispersions for a 4× 4 system, where the spinon hop-
ping elements tT are calculated in the infinite system. Note
that an overall energy shift was added to the dashed line to
simplify a direct comparison of the predicted bandwidths.
In particular, the energies at (pi, 0) and (±pi/2,±pi/2)
are equal in this case. It is understood that this is a
consequence of a particular symmetry of the 4×4 system
[105]. We can also easily understand this from the tight-
binding theory for spinon hopping: On a 4 × 4 cylinder
there exists an additional Trugman loop leading to next
nearest neighbor hopping along the lattice direction. In
this case the holon moves around the torus one-and-a-half
times in a straight manner. As a result we have to add
an additional term tT [cos(2kx) + cos(2ky)] to the spinon
dispersion relation in Eq. (51), which leads to an exact
degeneracy of (pi, 0) and (±pi/2,±pi/2). This dispersion
relation is plotted as a dashed line on top of the data
in Fig. 15. Note that we added a small overall energy
shift to the dashed line to simplify a comparison with
the shape of the exact dispersion relation.
Comparison of the exact bandwidth with the LST cal-
culation shows sizable quantitative deviations for the
small 4 × 4 lattice. We expect that this is mostly due
to finite size effects, as indicated for example by the ab-
sence of a degeneracy between momenta (0, 0) and (pi, pi)
as discussed above. We found that this effect becomes
even more dramatic for smaller values of Jz/t. For ex-
ample, at Jz/t = 0.1 the energy difference between (0, 0)
and (pi, pi) is comparable to the entire bandwidth.
To study finite-size effects more systematically, we
compare the bandwidth W obtained from our tight-
binding calculation to exact numerical results in larger
systems obtained by Poilblanc et al. [109] and Cherny-
shev and Leung [4]. From Eq. (51) we see that the band-
width can be directly related to the Trugman loop hop-
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FIG. 16. Half the bandwidth W/2 of the lowest magnetic
polaron band in the t−Jz model: We compare exact numerical
calculations for different system sizes by Poilblanc et al. [109]
and Chernyshev and Leung [4] to our tight-binding theory of
Trugman loop processes.
ping, W = 8|tT|. In Fig. 16 we find excellent agreement
between our tight-binding calculation and exact numer-
ics in the regime where finite-size effects are small, for
t . 2Jz. For larger values of t/Jz, the numerical re-
sults begin to depend more sensitively on system size
N . For the largest systems the behavior is even non-
monotonic with N . The tight-binding result is closest to
the data obtained for the largest system of 32 sites solved
by Chernyshev and Leung [4].
As a function of t/Jz, we also observe non-monotonic
behavior. For small t/Jz the Trugman loop hopping is
exponentially suppressed due to the presence of a large
energy barrier. The amplitude |tT| (in units of t) reaches
a maximum around t/Jz ≈ 6. For larger t/Jz the strings
become very long, leading to a saturation of tT at a frac-
tion of Jz and thus a slow decay of |tT|/t. The numer-
ics for finite-size systems shows a second increase of the
bandwidth beyond some critical hopping t > tc. For the
4×4 system this value corresponds to the point where we
observed that the bandwidth becomes comparable to the
energy splitting between momenta (0, 0) and (pi, pi). This
signals that the translational symmetry is not broken,
which is a strong indication for a finite-size effect. In-
deed, the critical value tc/Jz quickly increases for larger
system sizes. This is expected from the dependence of
the average string length on t/Jz.
4. Contributions from longer loops
Longer strings can generate higher-order loops, which
gives rise to further-neighbor spinon hopping processes
preserving the sublattice index. To a good approxima-
tion, they can be neglected because they are exponen-
tially suppressed by the string length. Consider for ex-
ample the simplest Trugman loop which renormalizes the
next-neighbor hopping of the spinon linearly along the
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lattice direction. It involves a string of length ` = 10, four
units longer than for the simplest Trugman loop. This
already reduces the corresponding tight-binding element
by a factor of 3−4 ≈ 0.012. Similarly, there are four loops
involving two plaquettes which renormalize the diagonal
spinon hopping. They can change the value of tT on the
level of 4× 3−4 ≈ 5%.
V. DYNAMICAL PROPERTIES OF MAGNETIC
POLARONS
In this section we apply the strong coupling parton
theory of magnetic polarons introduced in the previous
section. We consider ultracold atom setups and calculate
the dynamics of a single hole in the AFM for various
experimentally relevant situations. We discuss how such
experiments allow to test the parton theory of magnetic
polarons. In the following, it will be assumed that the
temperature T  J is well below J where corrections by
thermal fluctuations are negligible.
A. Effective Hamiltonian
The basic assumption in the strong coupling parton
theory is that the holon can adiabatically follow the
spinon dynamics. Together they form a magnetic po-
laron, which can be described by an operator fˆ†j,n creat-
ing a magnetic polaron at site j. Formally we can write
fˆ†j,n|0〉 = sˆ†j |0〉 ⊗ |ψ(n)〉BL, (52)
where sˆ†j creates a spinon on site j of the square lattice;
|ψ(n)〉BL denotes the wave function of the spinon-holon
bound state on the Bethe lattice with ro-vibrational
quantum number n.
The effective Hamiltonian of the magnetic polaron in
the t− Jz model reads,
Hˆeff =
∑
n,j
E(n)fˆ†j,nfˆj,n+
∑
n,〈〈i,j〉〉d
tT(n)
(
fˆ†j,nfˆi,n + h.c.
)
.
(53)
The energy E(n) of the spinon-holon bound state, as well
as the Trugman loop hopping element tT(n) (Eq. (46))
depend on the quantum number n, see Figs. 9 and 14.
Inter-band transitions, where n is changed by a hop-
ping process of the spinon, can be safely neglected in
the strong coupling limit.
B. Ballistic propagation: spinon dynamics
We begin by studying coherent spinon dynamics. As
an initial state we consider a spinon localized in the origin
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FIG. 17. The root-mean square (RMS) radii 〈xˆ2s,h〉1/2 of the
spinon and hole density distributions 〈nˆs,h(x)〉 are calculated
as function of time, for S = 1/2. We start from a localized
spinon and the holon is initially in its ro-vibrational ground
state. The dynamics of the hole distribution is dominated by
the ballistic expansion of the spinon at long times.
of the square lattice, and the holon in its ro-vibrational
ground state,
|Ψ0〉 = fˆ†0,1|0〉 = sˆ†0|0〉 ⊗ |ψ(n=1)〉BL. (54)
A protocol how this state can be prepared experimentally
is presented below.
1. Spinon expansion
The dynamics of the magnetic polaron can be charac-
terized by the root-mean square (rms) radii of the density
distributions nˆs,h(x) of the spinon and the holon respec-
tively,
〈xˆ2s,h〉1/2 =
(∑
x
x2〈nˆs,h(x)〉
)1/2
. (55)
Both quantities can be measured using quantum gas mi-
croscopes. In such experiments the holon density is ob-
tained directly by averaging over sufficiently many mea-
surements of the hole position. By imaging the spin con-
figuration [60] the position of the spinon as well as the
string configuration can also be estimated, see discussion
at the end of Sec. III C.
In Fig. 17 the rms radii are shown as a function of the
evolution time. Because the spinon is fully localized ini-
tially, it expands ballistically and its rms radius grows
linearly in time. The initial holon extent, in contrast,
is determined by the spinon-holon wave function on the
Bethe lattice. When the radius of the spinon density dis-
tribution nˆs(x) becomes comparable to that of the holon
distribution, the hole density nˆh(x) also starts to expand
ballistically with the same velocity vs as the spinon dis-
tribution.
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FIG. 18. In the t− Jz model the spinon velocity vs is deter-
mined by the Trugman loop hopping element tT of the spinon,
shown for various Jz/t and S = 1/2 in (a). The spinon ve-
locity vs, defined by the rms radius of the spinon density
distribution, is directly proportional to tT (b).
In the t− Jz model the velocity vs is directly propor-
tional to the Trugman loop hopping element tT of the
spinon, vs ≈ 3|tT|, see Fig. 18. Experimentally this re-
lation allows a direct measurement of the Trugman loop
hopping element.
2. Preparation of the initial state
Experimentally the initial state (54) can be prepared
by first pinning the hole on the central site of the lat-
tice using a localized potential of strength g. When g
is decreased slowly compared to the energy gap to the
first vibrationally excited state, the holon adiabatically
follows its ground state on the Bethe lattice.
When the potential is lowered quickly compared to the
spinon hopping, during a time τ  1/|tT|, we can as-
sume that the spinon remains localized on the central
site during the quench. Because of the symmetry around
the initial spinon position, the rotational quantum num-
bers of the holon eigenstate on the Bethe lattice do not
change. They remain trivial as in the fully localized ini-
tial state. Thus, the central trapping potential can only
couple different vibrationally excited states of the holon
on the Bethe lattice during the adiabatic dynamics. In
the limit when g = 0 these eigenstates are separated by
an energy gap ∆E ∼ t1/3J2/3z  Jz. Hence one can
adiabatically prepare the ro-vibrational ground state by
choosing 1/|tT|  τ  1/∆E. During this time τ re-
quired for the preparation scheme, the spinon essentially
remains localized.
In Fig. 19 we calculate the overlap of the initially lo-
calized holon state with the vibrational eigenstates of the
magnetic polaron in the absence of a pinning potential
(g = 0) and using LST. As shown in the inset of the fig-
ure, we start from g = −5t and decrease the magnitude
of the potential linearly over a time τ = 3/t. This is
sufficiently fast to neglect spinon dynamics and, as ex-
plained above, this also justifies to ignore rotationally
excited eigenstates.
Fig. 19 demonstrates that even without optimizing the
adiabatic preparation scheme, large overlaps with the ro-
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FIG. 19. Adiabatic preparation of the ro-vibrational ground
state of the holon. We start from a hole which is localized in
the center by a pinning potential of strength g. The latter is
decreased over a time τ = 5/t (inset) and the overlap of the
holon state with the vibrational eigenstates of the magnetic
polaron are calculated. We used LST for S = 1/2 and ne-
glected spinon dynamics. This is justified for the considered
value Jz/t = 0.2 in the strong coupling regime.
vibrational ground state of the holon (around 80% in this
case) can be readily achieved using this method.
C. Bloch oscillation spectroscopy of the magnetic
polaron spectrum
In the last section we explained how the slow dynamics
of the hole density distribution allows to experimentally
measure spinon properties (specifically tT of the vibra-
tional ground state). Now we present a scheme allowing
to study the rotational excitations of the holon experi-
mentally and measure the corresponding excitation ener-
gies discussed in Sec. III.
As in the previous section, our starting point is a mag-
netic polaron in its ro-vibrational ground state. For sim-
plicity we assume that the spinon is localized initially. As
shown in Sec. V B 2 this state can be adiabatically pre-
pared in experiments with a quantum gas microscope.
To populate the first excited state, which has a non-
trivial rotational quantum number, we apply a force to
the fermions,
HˆF =
∑
j,σ
F · xj cˆ†j,σ cˆj,σ. (56)
This breaks the rotational symmetry around the initial
spinon position. In a system at half filling with a single
hole, the force corresponds to a potential HˆF = −F · xˆh
acting on the hole at position xˆh. A similar situation has
been considered before by Mierzejewski et al. in Ref. [85],
where interesting transport properties of the magnetic
polaron have been predicted in the regime of a strong
force. The term Eq. (56) in the Hamiltonian can be easily
realized for ultracold atoms using a magnetic field or an
optical potential gradient.
Here we study the opposite limit of a weak force, F .
Jz. The frequency of Bloch oscillations is given by ωB =
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FIG. 20. Bloch oscillation spectroscopy of magnetic polarons, at S = 1/2. We start from a magnetic polaron in its ro-vibrational
ground state and assume that the spinon is localized in the center of the lattice. Then a weak force F = 0.05t/a is applied
along the x-direction at time t0 = 0. (a) Subsequently, the rms radius of the hole distribution along the force, 〈xˆ2h〉1/2, begins to
oscillate at different frequencies depending on the ratio Jz/t. It was calculated in the spinon frame. The strongest oscillations
come from rotational excitations at the frequency ω, but admixtures from vibrational states are also visible. (b) We extract
the frequency ω from fits to data like shown in (a) and plot it as a function of Jz/t. It is approximately equal to the excitation
energy ∆E of the first rotational eigenstate of the holon on the Bethe lattice. (c) The offset x0 and the amplitude δx of the
oscillations observed in (a) are plotted as a function of Jz/t. In these calculations we used NLST in the spinon frame, assuming
a maximum string length `max = 9.
aF , where a is the lattice constant. We assume that ωB is
small compared to the gap ∆E to the first ro-vibrational
excited state of the holon,
ωB . ∆E. (57)
We consider a situation where the force is suddenly
switched on at time t0. In the subsequent time evolu-
tion, the population of the first excited state begins to
oscillate with a high frequency given by ω = ∆E (we set
~ = 1). This also manifests in oscillations of the den-
sity distribution of the holon, with the same frequency
ω. Because the density distribution of the hole can be
directly measured, this allows to extract the excitation
energy of the first rotationally excited state of the mag-
netic polaron experimentally.
In Fig. 20 (a) we calculate the rms radius 〈xˆ2h〉1/2 along
the direction x of the applied force F = Fex, as a func-
tion of time. For various values of Jz/t we observe clear,
although not perfectly harmonic, oscillations. To extract
their frequency and amplitude we performed the follow-
ing fit to our numerical results,
〈xˆ2h〉1/2 = x0 + δx cos(ωt+ φ0)e−γt. (58)
The fit parameters are the offset x0, the amplitude δx,
the frequency ω and phase φ0, and the decay rate γ of
the oscillations.
In Fig. 20 (b) we plot the frequencies ω extracted from
fits to the holon distribution for times t0, ..., t0 + 300/t.
These data points strongly depend on Jz/t and are in
excellent agreement with the energy gap to the first ex-
cited state of the magnetic polaron. We checked that the
deviations from the exact value of the excitation energy
∆E are of the order of the Bloch oscillation frequency,
∆E − ω ≈ ωB. The decay rates γ  ωB were negligible
for the case Fa = 0.05 considered in Fig. 20.
In Fig. 20 (c) we show the amplitude δx and the offset
x0 as a function of Jz/t. We observe that the exper-
imentally most interesting regime corresponds to cases
where Jz is not much larger than the Bloch oscillation
frequency ωB. Here the amplitude is sizable and the
signal-to-noise ratio required in an experiment is not too
small. In Fig. 20 we have kept the force F constant. In
order to obtain larger amplitudes of the oscillations it
can also be tuned to larger values when Jz/t is large.
1. Effect of spinon dynamics
Our calculations so far were performed using NLST
in the spinon frame, see Fig. 20. Now we discuss the
effects of spinon dynamics on the density distribution of
the hole. First we note that the force also acts on the
spinon: When the spinon moves from site i at position
xi to site j at xj , the holon can follow adiabatically. The
center of mass of the holon distribution is always given
by the spinon position. When it changes from xi to xj ,
this leads to an overall energy shift F · (xi − xj) which
corresponds to a force F acting on the spinon.
In the t − Jz model the spinon dynamics are slow,
with a velocity set by the Trugman loop hopping ele-
ment tT  Jz. This allows to realize a regime where the
force F  tT/a is large compared to tT. In this case the
spinon is localized in a Wannier Stark state and it can-
not move along the direction ex of the force. At the same
time the force can be chosen to be small compared to the
excitation energy ∼ Jz of the first rotational state. This
is necessary in order to observe coherent oscillations, see
Eq. (57). Finally, the motion of the spinon in the di-
rection ey orthogonal to the force has no effect on the
rms radius of the hole distribution in x-direction which
is calculated in Fig. 20 (a).
If the spinon hopping is comparable to the force, as ex-
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FIG. 21. The hole distribution in the laboratory frame
〈nˆh(x)〉 (a) is obtained as a convolution of the spinon and
holon wavefunctions. We consider far-from equilibrium dy-
namics of a single hole in the t − Jz model which is initially
localized in the center. The results are shown at a time of 50/t
and Jz/t = 0.5 was chosen. Our calculations are performed
within LST for S = 1/2 and assuming a maximum string
length of `max = 30. In (b) the holon distribution 〈nˆ(x−xs)〉
in the spinon frame is shown, and in (c) the spinon density in
the laboratory frame is shown at the same final time 50/t.
pected for isotropic Heisenberg interactions between the
spins, the spinon will undergo Bloch oscillations. When
Eq. (57) is satisfied, their frequency ωB is slow compared
to the oscillations ω of the holon distribution. The result-
ing density of the hole in the laboratory frame, which can
be directly measured experimentally, is a convolution of
the spinon density and the holon distribution function.
Thus by performing a Fourier analysis of the hole dis-
tribution, both frequency components ωB and ω can be
extracted and analyzed separately.
D. Far-from equilibrium dynamics: releasing
localized holes
So far our analysis was restricted to situations close
to equilibrium, where mostly the ro-vibrational ground
state of the magnetic polaron was populated. Now we
consider the opposite limit where the hole is initially lo-
calized on the central site and the deep pinning potential
is suddenly switched off at time t0. This corresponds to
the initial state
|Ψ0〉 = sˆ†0hˆ†(0)|0〉 =
∑
n
ψnfˆ
†
0,n|0〉. (59)
In this case many different vibrational states n of the
magnetic polaron are populated (with amplitudes ψn).
Recall that hˆ†(0) creates a holon in the center of the
Bethe lattice defined in the spinon frame, see Sec. II C 2.
From the symmetry of the initial state under Cˆ4 rota-
tions of the holon around the spinon, it follows that no
rotational excitations are created. While we focus on the
zero temperature case here, the same problem was dis-
cussed in the opposite limit of infinite temperature and
for Jz = 0 in Refs. [82, 89].
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FIG. 22. Far-from equilibrium dynamics of an initially local-
ized hole in the t− Jz model at Jz = 0.5t, as in Fig. 21. The
root-mean square (RMS) distance 〈xˆ2h〉1/2 of the hole density
distribution 〈nˆh(x)〉 is dominated by fast charge dynamics at
short times, and by slow spin dynamics at long times.
Theoretical technique.– To describe the far-from equi-
librium dynamics after the quench at time t0 we use LST
and solve the multi-band problem defined in Sec. V A.
Here the vibrational quantum number n acts like an ef-
fective band index. Note that the rotational symmetry
of the Bethe lattice around the spinon position is unbro-
ken. In particular, we calculate the density of the hole
〈nˆh(x)〉 in the laboratory frame which is given by
〈nˆh(xj)〉 = 〈Ψ|hˆ†j hˆj |Ψ〉. (60)
Here hˆ†j is the holon operator in the laboratory frame
corresponding to site j on the square lattice. To evaluate
the last expression we need the matrix elements
Mi′,in′,n(j) = 〈0|fˆi′,n′ hˆ†j hˆj fˆ†i,n|0〉 ∝ δi,i′ (61)
which we calculated using Monte Carlo sampling over
states on the Bethe lattice.
Numerical results.– In Fig. 21 (a) we show the den-
sity distribution of the hole after the quench. It can be
understood as a convolution of the spinon and the holon
wavefunctions, whose density distributions are calculated
in Fig. 21 (b) and (c). Note however that interference
terms between terms from different bands n 6= n′, in-
cluded in Eq. (61), are taken into account in Fig. 21 (a).
In Fig. 22, we analyze the rms radius of the hole den-
sity distribution in the laboratory frame, for the same
situation as in Fig. 21. We consider a large value of
Jz/t = 0.5 but checked that the qualitative behavior is
identical at smaller values of Jz/t. Our theoretical ap-
proach was benchmarked in Fig. 3. There we compared
our results to time-dependent quantum Monte Carlo cal-
culations at short-to-intermediate times and found excel-
lent agreement with predictions by the LST.
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As a main result of Fig. 22, we observe a clear sep-
aration of spinon and holon dynamics. At short times,
the hole distribution is entirely determined by fast holon
dynamics on the Bethe lattice, with a characteristic time
scale ∼ 1/t, see also Fig. 3. Additionally, for short times
up to ∼ 20/t the rms radii 〈xˆ2h〉1/2 and 〈(xˆh − xˆs)2〉1/2
calculated in the lab and spinon frames respectively al-
most coincide in Fig. 22.
At long times, we observe a ballistic expansion of the
hole distribution. This behavior is similar to the coher-
ent spinon dynamics discussed in Sec. V B, see Fig. 17.
Similar to that case, we observe that the rms radius of
the hole is equal, up to a constant offset, to the rms
radius of the spinon distribution 〈xˆ2s 〉1/2 at long times.
The characteristic velocity is determined by the Trug-
man loop hopping element tT of the spinon. It is much
smaller than the bare hole hopping t, explaining the large
separation of time scales observed in Fig. 22.
The separation of characteristic spinon and holon
timescales is a hallmark of the parton theory of magnetic
polarons. It can be understood as a precursor of true
spin-charges separation: on short length scales (short
times), the holon behaves almost as if it was free, re-
sembling the physics of asymptotic freedom known from
quarks in high-energy physics. Only on long length scales
(long times) the dynamics of magnetic polarons become
dominated by the slow spinon, and it becomes apparent
that the spinon and the holon are truly confined.
Another key indicator for the string theory of mag-
netic polarons is the scaling of the energy spacings be-
tween low-energy vibrational excitations with the non-
trivial power-law t1/3J
2/3
z , see Ref. [15] and Sec. III. It is
tempting to search for the same universal power-law in
the far-from equilibrium dynamics considered here. To
this end, we analyzed the position t1 in time of the first
pronounced maximum of the rms radius of the hole. For
example, in Fig. 22 it is located around t1 ≈ 3.5/t. By
repeating this procedure for various ratios Jz/t we found
a trivial power-law t1 ∝ Jz.
To understand why we did not obtain the non-trivial
power-law t1/3J
2/3
z we note that in the initial state the
hole was localized on a single lattice site. The contin-
uum approximation leading to the Schro¨dinger equation
(31) is thus not justified and lattice effects become im-
portant. In particular this violates the scale invariance
of the Schro¨dinger equation which gives rise to the char-
acteristic J
2/3
z power-law.
If on the other hand one starts from a low-energy state
where the holon is distributed over several lattice sites,
universal charge dynamics can be observed. Such situa-
tions can be realized experimentally by adiabatically re-
leasing the hole from a pinning potential, see Sec. V B 2.
A similar situation has been studied by Golez et al. in
Ref. [110] where a different quench was considered start-
ing from the ground state of the magnetic polaron. By
rescaling the time axes by a factor of t1/3J
2/3
z the au-
thors of Ref. [110] demonstrated a collapse of their data
at various values of Jz/t to a single universal curve for
sufficiently short times.
E. Spectroscopy of magnetic polarons
The most direct way to confirm the t1/3J
2/3
z power-law
describing the energy of vibrationally excited states is to
measure the spectral function A(ω, k) of the magnetic
polaron. Self-consistent Greens function calculations by
Liu and Manousakis [48] as well as diagrammatic Monte
Carlo calculations by Mishchenko et al. [28] assuming
isotropic Heisenberg couplings between the spins have
been performed within the t − J model. They showed
strong evidence that the spectrum consists of several
broad peaks above the magnetic polaron ground state,
which have an energy spacing scaling like t1/3J2/3.
The spectral function can be measured in solid state
systems using ARPES. Similarly, for ultracold fermions
radio-frequency [111, 112], Bragg [113] and lattice modu-
lation [114] spectroscopy measurements have been carried
out. In quantum gas microscopes the spectrum can also
be measured with full momentum and energy resolution
[83] by modulating the tunneling rate of ultracold atoms
into an empty probe system.
Here we briefly discuss the properties of the magnetic
polaron spectrum in the strong coupling regime where
t  Jz. Because the dispersion of the magnetic polaron
is determined by the small Trugman loop hopping tT,
the momentum dependence of the spectrum can be ne-
glected, i.e. A(ω, k) ≈ A(ω). This allows for a purely
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FIG. 23. The spectral function A(ω) is calculated in the
strong coupling regime, here for Jz/t = 0.2 and S = 1/2.
We have calculated the spectral weights Zn and energies En
of all eigenstates n and broadened them by hand for clearer
presentation. LST predicts a series of approximately equally
spaced peaks, which evolve into a broad continuum if string-
interactions are included in the NLST. The gap from the mag-
netic polaron peak at the lowest energy to the first excited
states with appreciable spectral weight scales with the non-
trivial power-law t1/3J
2/3
z characteristic of the string theory.
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local measurement of the spectral function, which sig-
nificantly simplifies implementations in a quantum gas
microscope [83, 115].
In general, a series of peaks is expected which cor-
respond to vibrationally excited states of the string. As
shown in Fig. 23 and previously in Ref. [19] this is indeed
what LST predicts. In the NLST substantial corrections
are present at high energies which lead to a broadening
of the spectral lines. At low energies we observe a gap
both within LST and NLST which scales like t1/3J
2/3
z .
In a measurement of the spectral function a fermion is
removed from the system and the spinon and the holon
are always created at the same site. As a consequence,
the initial state of the holon on the Bethe lattice is rota-
tionally invariant around the spinon position. This gives
rise to a selection rule and leads to vanishing spectral
weight of string states with rotational excitations. Thus
the latter cannot be observed in A(ω). This explains
why the spectral gap in Fig. 23 corresponds to the gap
to vibrational excitations, in contrast to the rotational
states observed in the Bloch oscillation spectroscopy of
Sec. V C. In that case the rotational symmetry was ex-
plicitly broken by the applied force.
VI. EXTENSIONS TO THE t− J MODEL
So far we have formulated the strong coupling par-
ton description of magnetic polarons specifically for the
t− Jz model. As an important outcome of our work, the
approach can be generalized to models including quan-
tum fluctuations of the surrounding spin system. Most
importantly, we can apply it to describe the dynamics
of holes in the t − J model, which is believed to play
a central role in the understanding of high-temperature
superconductivity. In the following we summarize how
such generalizations work and present first results of this
method relevant for current experiments with quantum
gas microscopes. A more detailed discussion will be pro-
vided in forthcoming papers.
Our work on the t − Jz model enables two possible
extensions to the t − J model. The first uses the gener-
alized 1/S expansion, see Sec. II B and Appendix C. It
is based on the idea to start from a classical Ne´el state
which is distorted by the holon motion as in the case of
the t−Jz model. Transverse couplings between the spins
are then included by applying linear spin wave theory
around the distorted classical state. Even in the pres-
ence of quantum fluctuations this approach allows to in-
troduce spinons and strings in the theory. The properties
of the resulting mesons, for example the string tension,
are renormalized in this case due to polaronic dressing
by magnon fluctuations.
Here we discuss a second extension, which is based
on an analogy with the squeezed space picture of the
one-dimensional t − J model [43, 44, 116]. Instead of
labeling the basis states by the eigenvalues of the spin
operators Sˆzj on lattice sites j, we keep track of the holon
trajectory Σ defined on the Bethe lattice. The motion
of the hole changes the original positions of the spins,
and their quantum state is defined in a pure spin system
without doping on the original square lattice; we identify
the latter with the two-dimensional analogue of squeezed
space. Similar to Eq. (1) in the case of the t− Jz model,
the Hilbert space used in the parton theory of a single
hole in the t− J model becomes
Hp =Hs ⊗HΣ ⊗Hmag. (62)
The first two terms Hs and HΣ describe the geometric
string connecting the spinon at one end with the holon
at the other end, i.e. the meson degrees of freedom. The
last termHmag includes quantum fluctuations in the sur-
rounding spin system – e.g. magnons in the case of a
quantum Ne´el state.
At strong couplings, when t J , we can make a prod-
uct ansatz to describe the magnetic polaron in the t− J
model,
|ψmag.pol.〉 = |ψspinon〉 ⊗ |ψholon〉 ⊗ |ψspins〉sq. (63)
The last term describes the underlying spins in squeezed
space. For a single hole in the t − J model we choose
it to be the ground state of a 2D Heisenberg AFM on
a square lattice. The strong coupling ansatz is a direct
generalization of Eq. (22) for the case of the t−Jz model,
where |ψspins〉sq is given by a classical Ne´el state.
As a first step, we confirm that spinons and holons are
confined in the t− J model. We use the strong coupling
wavefunction Eq. (63) as a variational ansatz and note
that geometric strings in general correspond to highly
excited states of the surrounding spin system. Two spins
which are nearest neighbors (NN) in squeezed space can
become next nearest neighbors (NNN) in real space after
the holon has moved through the system, and vice-versa.
To estimate the energy EΣ of the resulting state, we
consider straight holon trajectories for simplicity, for
which EΣ ∝ ` is proportional to the length ` of the ge-
ometric string. The string tension obtained within this
LST approximation is given by
dEΣ
d`
= 2J(C2 − C1). (64)
Here C1 and C2 denote the NN and NNN spin-spin cor-
relation functions in squeezed space. In the case of the
t − Jz model C1 = −C2 = −S2, and by setting J = Jz
we obtain the string tension 4JzS
2 which we previously
used for the LST, see Eq. (20).
Because the ground state expectation values C1,2 can
be determined numerically for the 2D Heisenberg AFM,
we can calculate the LST string tension for the t − J
model: dEΣ/d` ≈ 1.1J . For S = 1/2 the string tension
for the t − J model in units of J is about 10% larger
than for the t − Jz model in units of Jz. This can be
understood by noting that the isotropic term JSˆi · Sˆj in
the t − J model includes couplings in x and y-direction
in spin space, in addition to the Ising coupling relevant
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FIG. 24. Spin-spin correlation functions Cz(d) = 4〈SˆzdSˆz0 〉occ
in a weakly doped t− J model. We compare results by exact
diagonalization (ED) of one hole in a 4× 4 system with peri-
odic boundary conditions to predictions from LST based on
the strong-coupling wavefunction Eq. (63). The correlators
are evaluated only for states where both sites 0 and d are oc-
cupied by spins, as indicated by the notation 〈...〉occ. In the
ED calculations we set Sztot = −1/2 and simulated the sector
with total conserved momentum of k = (pi/2, pi/2).
to the t− Jz model. As a result, we expect that spinons
and holons are confined in the t − J model with typical
string lengths of comparable size in both models.
Next we check our assumption in Eq. (63) that the
motion of the hole only has a negligible effect on the
spins in squeezed space. To this end we compare the
typical time scales for spin-exchange processes, τfluc =
1/J , with the typical time τh = `0/t it takes the holon
to cover a distance given by the average string length `0.
If τh < τfluc, quantum fluctuations do not have sufficient
time to adapt to the new configuration of the geometric
string and we expect that spin correlations in squeezed
space are only weakly modified by the presence of the
hole. Indeed, in the entire strong coupling regime t 
J we find that τh  τfluc. When t/J = 3, as in the
case relevant to high-temperature superconductors [3],
we obtain τh/τfluc ≈ 0.4. This suggests that the strong
coupling wavefunction (63) provides a good description
of magnetic polarons in the t− J model.
As an application of the strong coupling meson the-
ory, we use it to calculate local spin-spin correlations in
the presence of a hole. They are directly accessible using
quantum gas microscopes [60] and can be used to test
our predictions experimentally. In Fig. 24 we compare
exact numerical simulations of the t− J model for a sin-
gle hole with results from LST. Remarkably, the strong
coupling meson theory can explain quantitatively the de-
pendence of the spin correlations on the ratio J/t, caused
entirely by doping. It merely combines the holon motion
on the Bethe lattice with a set of spin correlators in a pure
spin system without doping: Essentially NN spin corre-
lations in real space acquire contributions from NNN, or
even more distant, correlators in squeezed space when
the holon motion is taken into account. This leads to the
observed decrease (increase) of NNN (NN) correlations.
We find good agreement of LST with ED simulations
in Fig. 24 for NN correlators in the regime J & 0.1t. For
correlators between sites which are further apart, there is
still perfect qualitative agreement, although some quan-
titative differences are visible. Only at very small values
of J/t . 0.1 we find strong deviations of LST from ED re-
sults, which can be associated with a transition to a state
with strong ferromagnetic NN correlations reminiscent of
the Nagaoka effect [14]. We expect that this transition is
strongly influenced by the finite system size.
In a forthcoming work, we show how spinon dynam-
ics can be included and more properties of magnetic po-
larons in the t − J model can be understood from a
strong-coupling meson description. The most dramatic
difference as compared to the t−Jz model is that spinon
motion is possible not only via Trugman loops, but also
by direct spin-exchange processes. This readily explains
why some properties of holes in the t − J and t − Jz
models – including for example the linear dependence of
their energy on t1/3J2/3 [28]– are identical, whereas the
dispersion relations are entirely different.
Finally, we note that the strong coupling ansatz in
Eq. (63) can be generalized to finite temperatures by us-
ing a product of density matrices, as described for one
dimension in Ref. [44]. In this case the correlators C1
and C2 determining the string tension in Eq. (64) are
calculated at finite temperature. The resulting weaker
correlations lead to a reduced string tension, and thus
to longer strings. As shown in Ref. [82], even at infinite
temperature and for J  t, the Hilbert spaceHΣ defined
by geometric strings provides a qualitatively accurate de-
scription of the single-hole t− J model.
VII. SUMMARY AND OUTLOOK
When holes are doped into an anti-ferromagnet at low
concentration, they form quasiparticles called magnetic
polarons. In this paper we have introduced a strong cou-
pling parton theory for magnetic polarons in the t − Jz
model. Starting from first principles, we introduced a
parton construction where the magnetic polaron is de-
scribed as a bound state of a spinon and a holon. The
spinon carries its fractional spin S = 1/2 and the holon
its charge Q = −1 quantum numbers. The two partons
are connected by a string of displaced spins. This descrip-
tion combines earlier theoretical approaches to magnetic
polarons, see in particular Refs. [15, 18, 19, 49]. Our
formalism can be generalized to Hamiltonians including
quantum fluctuations, e.g. the isotropic t− J model.
Ultracold atoms provide a new opportunity to inves-
tigate individual magnetic polarons experimentally, on a
microscopic level. In this paper, we have discussed sev-
eral realistic setups to measure their properties and study
their dynamics far from equilibrium. We start from a sin-
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gle hole which can be pinned by a tightly focused laser
beam. To investigate magnetic polarons in equilibrium
using quantum gas microscopes, we proposed an adia-
batic preparation scheme where the pinning potential is
adiabatically released. If the laser potential localizing the
hole is suddenly switched off, on the other hand, inter-
esting far-from equilibrium dynamics can be studied.
Using the capabilities of quantum gas microscopy, di-
rect observations of the constituent partons forming the
magnetic polaron are possible. We analyzed this prob-
lem and showed that the full distribution function p` of
string lengths ` connecting spinons and holons can be
accurately measured.
As a hallmark of the parton theory, we point out
the existence of rotational as well as vibrational excited
states of magnetic polarons. Similar to mesons in high-
energy physics, which are understood as bound states of
two confined quarks, these excited states give rise to res-
onances with a well-defined energy. Creating the first vi-
brational excitation costs an energy ∼ t1/3J2/3z , whereas
the first rotational excitation only costs an energy ∼ Jz.
While vibrational excitations of magnetic polarons have
been discussed previously in the context of angle-resolved
photoemission spectroscopy (ARPES), rotational reso-
nances are invisible in ARPES spectra due to selection
rules. To observe rotational states of magnetic polarons
we propose to use Bloch oscillation spectroscopy: In this
method a weak force is applied to the hole, which drives
transitions to the first rotationally excited state at en-
ergy ∆E. This causes oscillations of the hole density
distribution at frequency ∆E, which can be measured in
experiments with ultracold atoms.
We have applied the strong coupling parton theory
to study dynamical properties of holes inside an anti-
ferromagnet. Our calculations are based on a strong-
coupling product ansatz for describing the spinon and
holon parts of the wavefunctions. In contrast to models
with transverse couplings between the spins, the dynam-
ics of spinons in the t−Jz model is generated entirely by
Trugman loop trajectories of the holon which restore the
surrounding Ne´el order. To calculate the resulting hop-
ping strength of the spinon we developed a tight-binding
formalism which is valid for arbitrary values of Jz/t. Our
predictions are in excellent agreement with exact calcu-
lations for the largest system sizes which are numerically
feasible [4, 109].
We have considered a far-from equilibrium situation,
where a single hole is created in a Ne´el state by remov-
ing the central spin. As a benchmark, we have performed
time-dependent quantum Monte Carlo calculations for
the t − Jz model at short-to-intermediate times. We
compared them to our strong coupling parton theory and
obtained very good quantitative agreement for the acces-
sible times. At short times, we predict universal holon
expansion. At intermediate times ∼ 1/Jz, we observe a
saturation of the string length connecting the spinon and
the holon. At much longer times, the ballistic expansion
of the spinon becomes dominant.
The strong coupling parton description of magnetic po-
larons can be extended to study a larger class of prob-
lems. In a first approach, we will include magnon correc-
tions describing quantum fluctuations around the clas-
sical Ne´el state. This allows us to study, for example,
the dispersion relation of magnetic polarons in the usual
t − J model with Heisenberg interactions between the
spins. In addition, spin-hole correlation functions can be
calculated, which are directly accessible in experiments
with quantum gas microscopes [60]. The dynamics of the
magnon cloud forming around the spinon-holon bound
state can also be studied. In a second approach, we gen-
eralize the concept of squeezed space known from one
dimension [116] and calculate properties of the magnetic
polaron in the t− J model using a variational wavefunc-
tion. In this paper we have presented first results of this
approach, which can be tested using current experiments
with fermionic quantum gas microscopes.
The couplings to phonons present in real solids can also
be included in our theory using the Landau-Pekar wave-
function [101]. Far-from equilibrium dynamics can then
be studied, where the spinon becomes correlated with
the magnons and the phonons. This can be of particular
interest to describe recent experiments where cuprates
have been driven far-from equilibrium by a short laser
pulse [117].
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Appendix A: Time-dependent quantum Monte
Carlo calculations
We determine the hole’s propagation in the t − Jz
model, Eq. (3) with J⊥ = 0, at short and intermedi-
ate times using a real-time quantum Monte Carlo proce-
dure. This allows us to take into account the interactions
between the spins and the hopping of the hole in a nu-
merically exact way. Our results are shown in Fig. 3. In
the case of a single hole in the system, the Hamiltonian
Hˆ = Hˆt + HˆJ in Eq. (3) can be rewritten as
Hˆt = t
∑
〈i,j〉
hˆ†i hˆj F˜†ij + h.c. (A1)
HˆJ = Jz
∑
〈i,j〉
Sˆzi Sˆ
z
j , (A2)
where the operator hˆi annihilates a holon at site i. As the
hole hops from site i to j, the operator F˜†ij =
∑
σ cˆ
†
j,σ cˆi,σ
moves the spin at site i to site j. Note that the effect of
F˜ij is equivalent to that of Fˆij , but we expressed it in
terms of the original fermion operators now.
In the following we determine the dynamics of a hole
created by removing the central spin from the classi-
cal Ne´el state, as discussed also in Sec. V D. This ini-
tial state will be denoted by |Ψ0〉. We consider a sys-
tem at zero spin temperature, but our method can easily
be generalized to a spin environment at finite tempera-
ture. We determine the probability pi(τ) of finding the
hole at site i after a propagation time τ . It is given by
pi(τ) = 〈Ψ(τ)|hˆ†i hˆi|Ψ(τ)〉, where |Ψ(τ)〉 = e−iHˆτ |Ψ0〉
denotes the quantum state of the system at time τ .
Since both the hopping and the Ising interaction con-
serve the z component of the spin, we work in the in-
teraction picture representation to solve the system’s dy-
namics. The quantum state of the system at time τ is
defined in this representation as
|ΨI(τ)〉 = eiHˆJτ |Ψ(τ)〉, (A3)
and its time evolution is governed by
i∂τ |ΨI(τ)〉 = Hˆt,I(τ) |ΨI(τ)〉, (A4)
with Hˆt,I(τ) = eiHˆJτ Hˆt e−iHˆJτ . We solve Eq. (A4) using
the time-ordered exponential [118],
|ΨI(τ)〉 = Tτ ′e−i
∫ τ
0
dτ ′ HˆJ (τ ′) |Ψ〉, (A5)
where Tτ denotes the time ordering operator. The last
equation also determines the state of the system |Ψ(τ)〉
in the Schro¨dinger picture through Eq. (A3).
As the hole propagates through the lattice, it explores
all possible paths simultaneously. Every such random
walk path can be associated with a phase. This becomes
apparent by expanding the time evolution in Eq. (A5) in
powers of the hopping Hamiltonian
e−i Hˆτ = e−iHˆJτ Tτ ′
∞∑
n=0
(−i τ)n
n!
(
1
τ
∫ τ
0
dτ ′ Hˆt,I(τ ′)
)n
.
(A6)
Each power of the hopping Hˆt,I(τ) generates a step of the
hole onto its z = 4 neighbors. Therefore, the nth order
expansion of the time evolution corresponds to the sum
over all random walk paths of length n. In the following
we use Eq. (A6) to determine the motion of the hole.
The dynamics of the spin background is governed by
the time time evolution operator e−iHˆJτ . As the hopping
of the hole does not create spin flips, the spin environ-
ment remains in an eigenstate of the Ising spin Hamil-
tonian. After each step of the hole, the energy of the
system can change, and the hole picks up a phase shift
associated with the change in the Ising energy. Since in
Eq. (A6), we integrate over the times when the hole hops
from one site to the next, the phase factors are averaged
out, which leads to the dephasing of the hole’s wave func-
tion as induced by the spin environment. This suppresses
the coherence of the hole’s dynamics and leads to a slower
propagation, as compared to the Jz = 0 non-interacting
case, as we demonstrate in Fig. 3.
We determine the hole’s dynamics numerically by sam-
pling the paths using a real-time quantum Monte Carlo
algorithm [82, 89, 119]. In order to account for the τ
n
n!
prefactor in the expansion as well as for the zn phase
space, we sample random walk paths of length n from a
Poisson distribution with probability Pn ∝ (zt)
n
n! . Mov-
ing along each of the sampled paths, the hole modifies
the spin environment by permuting the spins. We store
the final spin state |Γα〉 of the system for each path α.
The amplitudes of these states are determined by the
(−i)n prefactors as well as the amplitudes arising from
the time integrals over the phase factors picked up by the
hole in Eq. (A6). We evaluate these n dimensional inte-
grals using Monte Carlo sampling. The resulting pairs
{λα(τ), |Γα〉} of amplitudes λα(τ) and spin states |Γα〉
determine the quantum state of the system,
|Ψ(τ)〉 =
∑
α
λα(τ) |Γα〉, (A7)
where the summation runs over all possible random walk
paths α.
During the Monte Carlo sampling of the paths, we
store the final quantum states of the system and add
up all amplitudes corresponding to the same final state.
This allows us to determine the transition probabilities
pi(τ), while we make use of the normalization condition∑
i pi(τ) = 1 [89]. As was discussed in Ref. [82], the
paths describing the time evolution of the states |Ψ(τ)〉
and 〈Ψ(τ)| in the expression pi(τ) = 〈Ψ(τ)|hˆ†i hˆi|Ψ(τ)〉
are sampled independently in order to avoid systematic
numerical errors at intermediate times.
Appendix B: Magnetic polaron dynamics -
NLST versus LST
In this appendix, we compare results for the hole dy-
namics obtained from linear and non-linear string theo-
ries. We consider the problem of a hole created in the
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FIG. 25. Comparison of LST and NLST for S = 1/2. The starting point is a single hole created in the lattice by removing the
central spin. (a) We calculate the rms radius of the hole density distribution as a function of time. Note that LST includes
slow spinon dynamics, whereas NLST assumes a localized spinon for simplicity. In (b) we calculate the probability to find the
spinon and the holon on the same lattice site. The maximum string lengths used are `max = 10 (NLST) and `max = 30 (LST).
Ne´el state by removing the central spin, as in Sec. V D.
For short times we obtained excellent agreement between
LST and NLST, which we benchmarked by comparing to
time-dependent Monte Carlo calculations in Fig. 3.
In Fig. 25 (a) we show the rms radius of the hole den-
sity distribution for longer times. Note that LST cal-
culations include the slow spinon dynamics, whereas the
NLST results are performed without taking into account
the motion of the spinon. For Jz = t we find good agree-
ment between NLST and LST. At long times the ballis-
tic spinon expansion can be observed in the LST result,
which is not included in NLST. The length of the string
in the long-time limit is the same in LST and NLST in
this case.
For Jz/t = 0.5 we observe quantitative deviations be-
tween our results from NLST and LST in Fig. 25 (a). In
particular, the LST predicts stronger oscillations at long
times. In the NLST many quantum states with slightly
different energies are included. This is expected to cause
dephasing, which explains the observed suppression of
coherent string dynamics.
For Jz/t = 0.2 we observe large deviations between
LST and NLST. The rms radius predicted by NLST sud-
denly saturates at intermediate times, while it continues
to grow in the LST. This is an artifact of the NLST
result, where the maximum string length used in the cal-
culations was `max = 10. For Jz/t = 0.2 longer strings
need to be included. Our LST calculations use strings up
to a length `max = 30, which is sufficient to obtain fully
converged results. Note that LST can easily go to even
longer values of the string length.
In Fig. 25 (b) we also compare predictions for the prob-
ability of finding the spinon and the holon on the same
site. As before we obtain excellent agreement for short
times. For longer times, the LST predicts more oscilla-
tions, but the qualitative behavior is the same in both
theories.
Appendix C: The generalized 1/S expansion
and inclusion of quantum fluctuations
In this appendix we introduce the formalism for the
generalized 1/S expansion and explain how it can be used
to include quantum fluctuations in the strong coupling
parton description of magnetic polarons.
1. Shortcoming of the conventional 1/S expansion
In the conventional 1/S expansion of magnetic polaron
problems [17, 19, 48], S only enters in the correspond-
ing Schwinger-boson constraint,
∑
σ bˆ
†
jσ bˆjσ + hˆ
†
j hˆj = 2S.
In this case the holon hopping is described by Eq. (7)
with the operator Fˆij(S) ≡ Fˆij(1/2) from Eq. (8), for all
values S. Note that the conventional Schwinger-boson
constraint is respected by the resulting operator Hˆt.
Let us consider the effect of such holon motion on the
local Ne´el order parameter Ωˆj , see Eq. (9). Within the
conventional extension of the t−Jz model to large values
of S, the motion of the holon from site i to j is accom-
panied by changes of the spins Szi and S
z
j by ±1/2, see
Fig. 4 (b). As a result, the sign of the local Ne´el order pa-
rameter Ωj cannot change when S  1/2 is large, unless
the holon performs multiple loops.
We conclude that the conventional 1/S expansion can-
not capture correctly the destruction of the Ne´el order
parameter by the holon motion, at least when S  1/2
is large. This effect is particularly pronounced for a hole
inside a one dimensional spin chain with S = 1/2. In this
case a single hole introduces a domain wall into the sys-
tem, where the local Ne´el order parameter changes sign –
a direct manifestation of spin-charge separation [43, 44].
The conventional 1/S expansion cannot capture this ef-
fect because it only allows for small local changes of the
underlying Ne´el order parameter.
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The shortcoming of the conventional 1/S expansion
explained above is also reflected by the fact that the new
Schwinger-boson constraint in Eq. (4) is not satisfied for
S > 1/2. This means that the holon can move without
fully distorting the underlying Ne´el order in this case.
When the generalized constraint from Eq. (4) is enforced,
the local Ne´el order can be destroyed by a single hole
hopping event. This is an important feature of the t−Jz
model at S = 1/2, and it is fully captured – even for
large values of S – by the generalized model which we
introduce now.
2. Generalized holon hopping for large S
In order to ensure that the generalized Schwinger-
boson constraint Eq. (4) is satisfied by Hˆt from Eq. (7),
the operator Fˆij(S) in Eq. (7) has to depend explicitly
on the value of S. We will refer to the new term Fˆij(S)
as the generalized holon-hopping operator.
To construct Fˆij(S) we recall the physical origin of
nearest-neighbor hole hopping in the original model
Eq. (3): The fermion initially occupying site j moves to
site i without changing its spin state, see Fig. 4 (c). For
S = 1/2 this process is accurately described within the
Schwinger-boson language by the operator Fˆij(1/2) from
Eq. (8), which changes the z-component of the spins on
sites i and j by ±1/2 respectively.
For larger S > 1/2 the entire spin state is transferred
from site j to i by the operator Fˆij(S). Because express-
ing this process in terms of Schwinger-bosons leads to a
highly non-linear and cumbersome expression, we define
it using the eigenstates |nl↑, nl↓〉 of bˆ†l,↑bˆl,↑ (eigenvalue nl↑)
and bˆ†l,↓bˆl,↓ (eigenvalue n
l
↓) on site l = i, j now:
Fˆij(S) =
∑
n↑+n↓=2S
|0j , 0j , ni↑, ni↓〉〈nj↑, nj↓, 0i, 0i|. (C1)
Note that hˆ†j hˆiFˆij(S) respects the constraint in Eq. (4),
because the operator Fˆij(S) only acts on the subspace
with zero Schwinger-bosons on site i and 2S Schwinger-
bosons on site j.
3. Inclusion of quantum fluctuations
The generalized 1/S expansion presented in Sec. II B
can be extended to include the effects of quantum fluctua-
tions. On the one hand this allows to describe excitations
in the t − Jz models with S > 1/2 which do not change
the sign of the Ne´el order parameter. In such cases the
magnitude of the z component Sˆzj changes but its sign is
unmodified. Excitations of this type are present for ex-
ample at finite temperatures. On the other hand, more
general models including flip-flop terms Sˆ+i Sˆ
−
j in the spin
Hamiltonian can be treated this way. Most importantly
this includes the SU(2) invariant t− J model, which we
discuss in more detail using the present formalism in a
forthcoming work.
Quantum fluctuations around the classical Ne´el state
are included in the usual way [19, 20, 94] using the
Holstein-Primakoff approximation [120]. Here we also al-
low for distortions of the classical Ne´el state which are in-
troduced by the motion of the holon. They are described
by the Ising variables τ˜zj which represent the orientation
of the spins, see Sec. II B 1. By performing a Holstein-
Primakoff approximation around the distorted state we
obtain the following representation of spin operators,
Sˆzj =τ˜
z
j
(
S − aˆ†j aˆj
)
, (C2)
Sˆ
τ˜zj
j =
√
2S aˆj , Sˆ
τ˜zj
j =
√
2S aˆ†j . (C3)
These expressions are correct up to leading order in aˆj ,
but higher orders can also be retained [120].
The operators aˆj in Eqs. (C2) and (C3) can also be
expressed in terms of the Schwinger-bosons introduced
in Sec. II A 1. For τ˜zj = 1 one obtains aˆj = bˆj,↓, whereas
aˆj = bˆj,↑ when τ˜zj = −1. Fluctuations of the respective
second component bˆj,↑ (bˆj,↓) which is condensed when
τ˜zj = 1 (if τ˜
z
j = −1) adds higher-order corrections [19].
Using the representation from Eqs. (C2), (C3) we can
rewrite the spin-S Ising Hamiltonian HˆJ from Eq. (3) as
HˆJ = −2NS2Jz + S
2
∑
〈i,j〉
{
2SJz
(
1− σˆz〈i,j〉
)
+
(
1 + σˆz〈i,j〉
) [
Jz
(
aˆ†i aˆi + aˆ
†
j aˆj
)]
−
(
1− σˆz〈i,j〉
) [
Jz
(
aˆ†i aˆi + aˆ
†
j aˆj
)]}
. (C4)
HereN denotes the number of lattice sites and distortions
of the Ne´el order are described by the field σˆz〈i,j〉 defined
in Eq. (13). The expression in Eq. (C4) can be easily
generalized to include transverse couplings in spin space.
4. Broken strings: magnon corrections
As an example for applications of quantum fluctua-
tions in the 1/S expansion, we sketch how defects of the
strings can be treated perturbatively. A detailed dis-
cussion will be provided in a forthcoming publication.
Consider a holon performing a Trugman loop starting
from a state with non-zero string length. This allows
the holon to tunnel diagonally across a plaquette in the
square lattice, without moving the spinon. The same ef-
fect is obtained when next-nearest neighbor hopping pro-
cesses with amplitude t′ are included in the microscopic
t − Jz Hamiltonian. In both cases the string is ripped
apart, and the resulting state cannot be described within
the Hilbert space of the string theory.
To include the effect of broken strings for S = 1/2 into
our formalism, we suggest to use the conventional 1/S
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expansion for describing next-nearest neighbor hopping
processes. I.e. we treat the string as unbroken, but cre-
ate magnon excitations aˆi when the holon is hopping to
a next-nearest neighbor site. This reflects the distortion
of the physical spin state: On the one hand the spin con-
figuration for S = 1/2 is correctly described within the
Holstein-Primakoff approximation, see Eq. (C2). On the
other hand, the energy gain from the new spin configu-
ration is taken into account.
Appendix D: Tight-binding description of Trugman
loops on the Bethe lattice
In this appendix, we benchmark the tight-binding de-
scription of Trugman loop processes introduced in the
main text. To this end we study a toy-model and show
that a tight-binding description of Trugman loop pro-
cesses is justified even when the hopping rate t  Jz is
large compared to the potential energy ∼ Jz.
Like before, we assume that the Bethe lattice provides
a valid description of the many-body Hilbert space, where
every site corresponds to a holon trajectory. As explained
in Sec. II C 2 this representation of the Hilbert space is
over-complete due to the presence of Trugman loops [18],
i.e. holon trajectories which leave the Ne´el order intact
but move the holon between two sites corresponding to
the same sublattice. On the Bethe lattice such trajecto-
ries correspond to sites with the same minimal potential
energy V`=0 = −2JzS2, see Eq. (20).
When t Jz, the typical string length `0  1 is very
short and the holon is tightly localized around a site on
the Bethe lattice with the minimal energy V`=0. This
picture of self-trapped holes in an anti-ferromagnet has
been put forward by Bulaevskii et al. [15]. For longer
string lengths, the holon wavefunction φ` decays expo-
nentially because it cannot penetrate the potential bar-
rier V`. The picture of fully localized holes is not correct,
however: due to quantum tunneling through the barrier
the probability of the holon performing a Trugman loop
and effectively moving the spinon is finite. In the regime
t  Jz where the barrier is large, the induced Trugman
loop hopping tT introduced in the main text can be cal-
culated using standard tight-binding theory.
When t & Jz the potential barrier V` between two sites
on the Bethe lattice corresponding to different spinon po-
sitions becomes shallow. In this case, the effective one-
dimensional wavefunction φ` does not decay strongly for
the relevant lengths ` ≤ 6 and a different mechanism is
required to justify the tight-binding description explained
in the main text. We will show that the exponential de-
cay with ` of the wavefunction ψ`,s, which is defined for a
string of length ` and with directions s on the Bethe lat-
tice (see Sec. III), is sufficient to make the tight-binding
calculation reliable.
1. Toy model
Consider the Hilbert space defined by a single parti-
cle hopping between the sites of a Bethe lattice (tun-
neling amplitude t) with coordination number z. We
choose two sites ξ1,2 in the Bethe lattice, correspond-
ing to two possible spinon positions, where the potential
energy V (ξ1,2) = 0 vanishes. Away from these two points
the potential energy increases linearly with the distance
` on the Bethe lattice: I.e., for any given site ξ of the
Bethe lattice we define the potential energy as
V (ξ) = Jzmin(`1, `2) (D1)
where `1,2 are the distances from ξ to ξ1,2 respectively.
This situation is illustrated in Fig. 26 (a) for a distance
`T = 6 between ξ1 and ξ2. It closely resembles the sit-
uation considered in the original t − Jz model, where
infinitely many spinon positions ξn with the property
V (ξn) = minξV (ξ) exist.
The spectrum of the toy model can be easily calcu-
lated numerically to any desired precision. When t Jz,
we expect two almost degenerate ground states with an
energy splitting E1 − E0 = 2teffT and an energy gap
∆ = E2 − E1 to vibrationally excited states. Here teffT is
the effective Trugman loop tunneling element. In Fig. 26
(b) and (c) we compare our results for the energy split-
ting to a tight-binding calculation based on orbitals ob-
tained by assuming a completely linear string potential
V` = Jz`. For t  Jz we find excellent agreement of
the tight-binding calculation with the exact result. We
also calculate the gap ∆ to higher excited states and find
that it is much larger than the energy splitting due to
Trugman loop tunneling on the Bethe lattice.
In Fig. 26 (b) and (c) we observe a similar behavior
even when t Jz. For toy-model parameters z = 4 and
the length of the Trugman loop `T = 6, see Fig. 26 (b),
we find that the tight-binding calculation predicts the
tunneling correctly for arbitrary values of t/Jz to high
precision (to within ∼ 0.5%). When the Trugman loop
is shorter, `T = 2, and the coordination number z = 3 in
the toy model, see Fig. 26 (c), we observe sizable quan-
titative deviations of the tight-binding theory from the
exact result for t & Jz. In this case the gap ∆ to higher
excited states becomes comparable to the energy spacing
between the lowest two states for the largest values of
t/Jz.
The reason why the tight-binding theory works so well,
even when the potential barrier along the Trugman loop
trajectory shallow, is the fractal structure of the Bethe
lattice. When t  Jz, the amplitude of a low-energy
wavefunction ψ`,s is distributed symmetrically over all
possible z − 1 directions at every node on the Bethe lat-
tice, see Eq. (25). This minimizes the kinetic energy,
yielding an energy shift of −2√z − 1t, and leads to the
exponential decay of ψ`,s ∼ (z − 1)`/2φ` compared to
the effective one-dimensional string wavefunction φ`. In
order to gain energy from the non-linearity V (ξ) − Jz`1
or V (ξ) − Jz`2 of the string potential from Eq. (D1),
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FIG. 26. Toy model for Trugman loop tunneling. (a) We consider a single particle hopping between the sites ξ of a Bethe lattice
with coordination number z. The potential energy V (ξ) = Jzmin(`1, `2) is determined by the smaller of the two distances to
the two spinon sites ξ1 and ξ2. The distance `T between ξ1 and ξ2 corresponds the length of the Trugman loop. In (b) and (c)
we compare the energy splitting (E1 −E0)/2 of the lowest two eigenstates of the toy model to the tight-binding Trugman loop
hopping element tT and the energy gap ∆ = E2 − E1 to higher excited states. Parameters are z = 4 and `T = 6 in (b) and
z = 3 and `T = 2 in (c).
the wavefunction would need to be localized in one par-
ticular direction of the Bethe lattice, along the Trugman
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